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Solution

Imagine a virtual displacement in which the cylinder rolls a small distance &s down the
plane. The only applied force, gravity, does work

sW(*PPlied) o Mgsinads.

To find the inertial work is more difficult. In this virtual displacement the center of mass
of the cylinder is translated 8s and, because the cylinder rolls, it rotates about its center
of mass through an angle 80 = 8s/R. A little piece dM of the cylinder at (r,0) thus
undergoes a displacement 8s down the plane together with a displacement rd0 = r(ds/R)
in the "angular direction.” This latter displacement has components —r(8s/R)cos8 down
the plane and r(8s/R)sin6 perpendicular to the plane (Fig. 1).

"down the glanc"

rdo sin()&r 9
dM|R

-rd0 cosO

Ex. 2.07, Fig. 1

dM thus undergoes a net displacement &s(1-(r/R)cos8) down the plane and
ds(r/R)sin® perpendicular to the plane. To find the inertial force on dM, we need its

acceleration. The acceleration of the center of mass of the cylinder is § down the plane,
and the acceleration of dM with respect to the center of mass has components r(§/R) in

the "angular direction” and —r(s/R)2 (centripetal acceleration) in the "radial direction.”
Resolving these into their components parallel and perpendicular to the plane, we find the
net acceleration of dM to be

§ - r(§/R)cos0 + r(§/R)sin0 down the plane
and  rG/R)sin6 +r(§/R)? cos6 perpendicular to the plane.

A more analytical way to obtain these results is to note that the cartesian coordinates of
dM are

X =§-rsin@, y =R ~rcos6,

where x is "down the plane” and y is "perpendicular to the plane.”" Differentiating once,
we obtain for dM a virtual displacement

Ox = 8s-rcos680, dy = rsin660.
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Differentiating twice, we obtain for dM an acceleration
% = §-rfcos0 + r62sin6, § = 195in 0 + 192 cosO.

The inertial force on dM is -dM times the acceleration, so the inertial work done on
dM is

—dM(§ - r(§/R)cos8 + r(§/R)? sin 0] 8s(1 - (r/R)cosb]
~dM[r(s/R)sin 0O + r(é/R)2 cos8)ds(r/R)sin6)
= —dMS$[1 - 2(r/R)cos O + (r/R)2]6s - dM(éz/R)(r/R)sineés .

On integration over the cylinder the angle-dependent terms go out and we obtain
swlieertia) o _ g1+ 1/MR?)5s

where [ = f r2dM is the moment of inertia of the cylinder about its center of mass. This

expression can be written in the general form -M3sds - Iad0, where a is the angular
acceleration of the cylinder and 86 is its angular displacement.

Applying d'Alembert's principle to the original problem, we find
Mgsinads - Ms(1 + I/MRz)és -0,

so the acceleration of the cylinder down the plane is

gsina
1+I/MR*"

Sw

Exercise 2.08

Use d'Alembert's principle to find the acceleration of m; down the (stationary) plane.

Solution

Imagine a virtual displacement in which m; moves down the plane a distance 8s. The
mass m, then undergoes a downward vertical displacement 8ssina and the applied
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Solution

Imagine a virtual displacement in which m; moves downwards a distance x and m,
moves upwards a distance dx. The applied force, gravity, does work m;gdx on m; and
-m,gdx on m,. The acceleration of m, is (X - A) downwards, and that of m, is
(X + A) upwards. The inertial force on m; is m,;(xX - A) upwards, and that on m, is
m,(X + A) downwards. These inertial forces do work -m;(Xx-A)dx on m, and
-m, (X + A)dx on m,. D'Alembert’s principle gives

m,;gdx - m,gdx -~ m(X -~ A)dx -m,(X + A)dx = 0,

which simplifies to

In the frame of the pulley this system, and thus the downward acceleration X of m,, is
the same as an "Atwood's machine” (Exercise 2.03) in a gravitational ficld g + A. In the
frame of the earth the downward acceleration of m,; is

K- Aw (ml -mz)g—2m2A.
m1+m2

Suppose m; >m,. Then, if the upward acceleration A of the pulley is small, m,
accelerates downwards and m, accelerates upwards. However, if

A> Ml g,
2m2
both masses accelerate upwards.
Exercise 2.06

lg

A mass m is attached to a light cord which wraps around a frictionless pulley of mass M,
radius R, and moment of inertia I = f r2dM. Gravity g acts vertically downwards. Use
d'Alembert's principle to find the acceleration of m.
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Solution

Imagine a virtual displacement in which m moves downwards a distance 8s. The applied
force, gravity, does work mgds on m. The inertial force on m is m§ upwards and the

work it does is ~m8ds. There is no applied work done on the (uniform) pulley, but there

is inertial work. To find this, consider a little piece dM of the pulley which is at a
distance r from the axle. This piece undergoes a virtual displacement, in the angular

direction, of (r/R)8s. The acceleration of dM, in the angular direction, is (r/R)S so the
inertial force on dM, in the angular direction, is ~dM(r/R)s. The inertial work done on

dM is thus -dM (r/R)2§6s (dM also has a radial centripetal acceleration, but this does

not contribute to the inertial work). Summing, we have for the total inertial work done on
the pulley

-fr2 dM/R?58s = —-(1/R?)35s

where | = J' r2dM is the moment of inertia of the pulley. This expression for the inertial

work done in a fixed axis rotation can also be written in the useful general form -Iad0

where a = §/R is the angular acceleration and 30 = 8s/R is the angular displacement.
Returning to the original problem, d'Alembert's principle now gives

mgds —~ m§ds - (I/R?)s8s = 0,

so the acceleration of m is

1+I/mR*’
Exercise 2.07
D ¥

A cylinder of mass M, radius R, and moment of inertia I = f r2dM rolls without slipping

down an inclined plane. Use d'Alembert's principle to find the acceleration of the
cylinder.





index-58_1.png
50 Chapter 1I: Principle of Virtual Work

which simplifies to
m(Scosa + X) = =MX.
This second equation of motion can be integrated to yield
mscosa + (m + M)x = constant.

In this form the equation states the fact that the horizontal component of the total linear
momentum of the system is constant.
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LAGRANGE'S EQUATIONS

Exercise 3.01

y
g
1 y=Ax2

m

X

A bead of mass m slides without friction along a wire which has the shape of a parabola
y = Ax? with axis vertical in the earth's gravitational field g.

(a) Find the Lagrangian, taking as generalized coordinate the horizontal displacement x.
(b) Write down Lagrange's equation of motion.

Solution

(a) The kinetic energy of the bead is
T = im(x? + y%) = 4m(1 + 4A%%)R2,
and the potential energy is
V =mgy = mgsz.
The Lagrangian is thus
L(x,x) = $m(1 + 4A%x?)%* - mgAx?.
(b) We have

‘;—I.’- - m(1+ 4A%x?)x, ‘;—L = 3 m(8A%x)x? - 2mgAx,
X X

d /oLy

e m(1 + 4A%x?)% + m(8A%x)x2,

so Lagrange's equation of motion is

m(1 + 4A%x?)% = -m(4A%x)x? - 2mgAx.
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force, gravity, does work m,gdssina on it. As well, m, moves vertically upwards a
distance 8s, and gravity does work —-m,gds on it. If the acceleration of m, is "a" down
the plane, the inertial force on it is m;a up the plane, and the inertial work done on it is
-m,ads. The acceleration of m, is then " a" vertically upwards, the inertial force on it is
m,a vertically downwards, and the inertial work done on it is —m,ads. D'Alembert's
principle gives

m,gsinads - m,gds - m;ads - m,ads = 0,

so the acceleration of m; down the plane is

m,sina -m
a-—l——lg.
ml+m2

Exercise 2.09

A block of mass m slides on a frictionless inclined plane, which is driven so that it moves
horizontally, the displacement of the plane at time t being some known function x(t).

Use d'Alembert's principle to find the equation of motion of the block, taking as
generalized coordinate the displacement s of the block down the plane. Note that the
acceleration of the block is not "down the plane.”

Solution

Imagine a virtual displacement in which s increases by 8s. The mass m undergoes a
downward vertical displacement dssina and the applied force, gravity, does work

mgdssina. The acceleration a of m is the vector sum of § down the plane and X
horizontal (Fig. 1). '

Ex. 2.09, Fig. 1
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The inertial force on the mass is -ma. We need the component of this in the direction of
the virtual displacement, namely -m(S +Xcosa). The inertial work done is thus
-m(8 - Xcosa)ds. D'Alembert's principle gives

mgsinads - m(S + Xcosa)ds = 0,
so the equation of motion of the block is
S=gsina -Xcosa.

For X = 0 this reduces to the usual result for an inclined plane. For X > gtana, however,
the acceleration § is negative and the mass m accelerates up the plane.

Exercise 2.10

A block of mass m slides on a frictionless inclined plane of mass M which in turn is free
to slide on a frictionless horizontal surface. Use d'Alembert's principle to find the
equations of motion of the block and the plane, taking as generalized coordinates the
displacement s of the block down the plane and the horizontal displacement x of the

plane.
Solution

The system in this exercise has two degrees of freedom, and there are two independent

virtual displacements. The first can be taken as in Exercise 2.09, an increase of s by 8s.
The application of d'Alembert's principle for this virtual displacement then proceeds as in
Exercise 2.09 and leads to the first equation of motion

m(s + Xcosa) = mgsina.

The second independent virtual displacement can be taken to be an increase of x by dx.
In this virtual displacement both m and M move horizontally, so the applied force,

gravity, does no work. The incline M has a horizontal acceleration X, so the inertial
work done on it is ~-Mx0x. The mass m has an acceleration a as in Exercise 2.09, with a

horizontal component (Scosa+X). The inertial work done on m is thus
-m(Scosa + X)0x. D'Alembert's principle gives

-Mx8x - m(Scosa + X)dx = 0,
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Exercise 3.02

The point of support of a simple plane pendulum moves vertically according to y = h(t),
where h(t) is some given function of time.

(a) Find the Lagrangian, taking as generalized coordinate the angle 6 the pendulum
makes with the vertical.
(b) Write down Lagrange's equation of motion, showing in particular that the pendulum

behaves like a simple pendulum in a gravitational field g + h.

Solution
(a) The cartesian coordinates of the bob are (Fig. 1)
x = £5in0, y = h(t)-£cos8.

y
h(t)
0
Lcos® ¢
h(t) - £cos® [ -Lsin %
4sin®@ x
Ex. 3.02, Fig. 1

The cartesian components of the velocity of the bob are thus
X = £8cos0, y = h + £8sin8,
and the kinetic energy is
T = im(x? + §2) =  m(¢26? + 20¢0sin0 + h?).

This result can instead be obtained by using the trigonometric cosine law to add the
velocity h in the vertical direction to the velocity £6 in the angular direction (Fig. 2).

Ex. 3.02, Fig. 2
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The potential energy is
V = mgy = mg(h - £cos0).
The Lagrangian is

L =T~V =4m(¢?6? + 2h£8sin® + h?) - mg(h - £cosB).

(b) We have
%Ié‘- = m(£%6 + h!sin®), % = mh#6cos@ - mg/sin6,
%(%} = m(£26 + hesin @ + hébcos),

so Lagrange's equation is

m/26 = —-m(g + h)¢sin®.

This is the same as the equation of motion of a simple pendulum in a gfavitational field
g+h.

Exercise 3.03

A mass m is attached to one end of a light rod of length £. The other end of the rod is
pivoted so that the rod can swing in a plane. The pivot rotates in the same plane at

angular velocity o in a circle of radius R. Show that this "pendulum” behaves like a

simple pendulum in a gravitational field g = Rw? for all values of £ and all amplitudes of
oscillation.

Solution

The cartesian coordinates of the mass are (Fig. 1)

x = Rcoswt + £cos(wt + 0), y = Rsinwt + £sin(wt + 0).

Ex. 3.03, Fig. 1
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and

L L m,e20, + mytyt,6, cos(8, - 6,),
a6,

d (sl ; ; L
d_t(sé—) = m,£38, + myly2,08, cos(8, - 6,) - m,£,£,6, (6, - 6,)sin(6, - 6,),
2

O myt0,0,8,5in(8, - 8,) - m,gt, sinf,.

38,
Lagrange's equations are
(m, +m,)¢28, + m,2,£,6, cos(8, - 0,) - my¢,£,63 sin(B, - 6,) = —(m, + m,)g!, sin6;,
m,226, + m,£,£,8,cos(8; - ;) + mpl;£,67 sin(0, - 6;) = —m,f,gsin6,.
In the small angle approximation these become
(my +m,)e28,; + myt 4,0, ~ ~(m, + m,)ge,6,,
m, 230, + myl,£,8, ~ —m,2,g0,,

and are the equations of motion of two linearly coupled simple harmonic oscillators.

Exercise 3.06

gl m

A bead of mass m slides on a long straight wire which makes an angle a with, and rotates

with constant angular velocity w about, the upward vertical. Gravity g acts vertically
downwards.

(a) Choose an appropriate generalized coordinate and find the Lagrangian.

(b) Write down the explicit Lagrange's equation of motion.
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Solution

(a) Choose as generalized coordinate the distance r of the bead along the wire from the
axis of rotation. The kinetic energy of the bead is then

T= %m(i2 +w?r?sin? ),
and the gravitational potential energy is
V = mgrcosa. -
The Lagrangian is
L= %m(i’2 +w2r?sin? a) - mgreosa.

(b) Lagrange's equation is

2 2

mf = mw“rsin® a - mgcosa.

This is the same as the equation for one-dimensional motion in an effective potential

Vg = -+mo?r?sin? a + mgreosa.
. . . g cosa .
This potential has a maximum at r=-——5—, corresponding to an unstable
sin“a
equilibrium point.
Exercise 3.07

gl y'm

A particle of mass m slides on the inner surface of a cone of half angle @ . The axis of

the cone is vertical with vertex downward. Gravity g acts vertically downwards.
(a) Choose and show on a diagram suitable generalized coordinates, and find the

(b) Write down the explicit equations of motion for your generalized coordinates.
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If we choose as generalized coordinates the cartesian coordinates (x,y) with
origin at the point of suspension and with x horizontal and y vertically down (Fig. 1), the
Lagrangian is

L= %m(:’c2 +y%) + mgy - %k(\/xz +y? - 1)

The second term is (minus) the gravitational potential energy and the third term is
(minus) the potential energy due to the stretch of the spring. Lagrange's equations are

mx = -kx(1-£,/r), my = mg - ky(l - £,/1),
with r = \/xz + y2 .
If, instead, we choose as generalized coordinates the polar coordinates (r,8) with
r the distance of the mass from the point of suspension and 6 the angle the spring makes
with the vertical (Fig. 1), the Lagrangian is
L= a}m(f2 +1%0%) + mgrcos8 - +k(r- L)%

Lagrange's equations are then

mi = mré? + mgcos - k(r - £;),
d(mr28)/dt = mr?8 + 2mni® = —-mgrsin® .

Exercise 3.05

A double plane pendulum consists of two simple pendulums, with one pendulum
suspended from the bob of the other. The "upper” pendulum has mass m, and length £,
the "lower" pendulum has mass m, and length ¢,, and both pendulums move in the
same vertical plane.

(a) Find the Lagrangian, using as generalized coordinates the angles 6, and 6, the
pendulums make with the vertical.

(b) Write down Lagrange's equations of motion.
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Solution
(8) The cartesian coordinates of m, are
x; = £,sin6,, y; = £,c0s6,,
so the cartesian components of the velocity of m; are
X, = £,6, cos@,, ¥, = =£,0,sin6;.
The kinetic energy of m, is
Ty = +m; (7 + §7) = 4 m,£367,
The cartesian coordinates of m, are
X, = {;sin6,; + {;sin06,, y, = £,¢c080, + £, cos0,,

so the cartesian components of the velocity of m, are

X, = 4,8, c0s6, + £,8,cos,, y; = ~£,6,sin0, - £,68,5sin0,.
The kinetic energy of m, is

Ty = dmy (X3 + ¥3) = 4 m, (626} +2£,£,6,8, cos(8, - 6,) + £363).
The total potential energy is

V = -m,gf, cos8, - m,g(£,cosB; + £, cos6,).

The Lagrangian is

L = 4m, 226} + 1 m,(£26} +24,£,6,8, cos(8, - 8,) + £362)
+m,g¢, cos6, + m,g(£,cosb; + £, c0s6,).

(b) We have

3L - ,

. (m, + my )26, +m,t 2,6, cos(6, - 6,),
d/ 4L 25 . . s

-d—t' ?6: - (ml + mz)ll 91 + mzlllzez COS(62 - 61) - mzellzez(ez - Gl)sm(ﬁz - 61),
L

5" m,2,£,8,8,sin(8, - 6,) - (m, + m,)g¢, sin6;,
1
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Exercise 3.09

For some problems paraboloidal coordinates (E,1,¢) defined by

x=Encos¢ y=Ensing z=4E -7n?)

turn out to be convenient.
(a) Show that the surfaces & = const. or 1 = const. are paraboloids of revolution about

the z-axis with focus at the origin and semi-latus-rectum E2 or 2.
(b) Express the kinetic energy of a particle of mass m in terms of paraboloidal
coordinates and their first time derivatives.

(Ans. T = m(g? + 12 + ?) + § men’$?)
Solution
(a) Paraboloidal coordinates (E,7,¢) are defined by
x=Encosd, y=Ensing, z=4E2-n?).
Note also that the cylindrical coordinate p (the distance from the z-axis) is
p=yx%+y% =En
and that the spherical polar coordinate r (the distance from the origin) is
r= \}xz +y?+22 = 4(E + ).
We have

r+z=t2 and r—z-'qz.

Setting r = y/p? +2? in these and solving for z, we find

For fixed § or n these are the equations of paraboloids of revolution about the z-axis; the
fixed- £ ones open in the negative z-direction and the fixed- 1} ones open in the positive z-
direction (Fig. 1).
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E = constant

Ex. 3.09, Fig. 1

(b) The element of distance in paraboloidal coordinates is obtained most easily from that
in cylindrical coordinates,

(ds)? = (dp)* + p2(d¢)* + (dz)?,
by setting
dp=Edn+ndE and dz=Ed§-ndn
together with p = Ev). This gives
(ds)? = (&2 + n?){(d8)? + (d)? ) + E*n*(d)’.

The kinetic energy of a particle of mass m is then

o8] -l el )

in paraboloidal coordinates.

Exercise 3.10
The motion of a particle of mass m is given by Lagrange's equations with Lagrangian
L = exp(at/mXT - V)

where a is a constant, T = %m(iz + y’ +22) is the kinetic energy, and V = V(x,y,2) is
the potential energy. Write down the equations of motion and interpret.
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Solution

(a) Choose as generalized coordinates the distance r of the mass from the apex of the
cone together with the angle ¢ measured in a horizontal circle around the axis of the

cone. The coordinates r and ¢ are simply two of the usual spherical polar coordinates.
The third spherical polar coordinate 8 is, in this problem, fixed at 6 =a. The

Lagrangian is
L= %m(iz +r2¢?sin a) - mgrcosa.
(b) Lagrange's equations are
mf = mrd>sina - mgcosa,  d(mr’dsina)/dt=0.

The second of these equations yields mrzcbsin2 a=L,, where L, is a constant which can
be identified as the angular momentum of the particle in the vertical (z-) direction.
Substituting this into the first equation, we obtain

d’r d

L2 L2
m—f-;;—l-z———m COSQ = ——| ——E—— + mgrcosa|.
dt sin“a g dr(2 sin“a & )

mr

This is the same as the equation for one-dimensional motion in an effective potential

2
3 - T—%‘——, corresponding to a stable horizontal

Ve has a minimum at r -
m“gsin“acosa

circular orbit.

Exercise 3.08
Using spherical polar coordinates(r,0,$) defined by
x = rsinfcos¢ y=rsinOsing z=rcoso,

write down the Lagrangian and find the explicit Lagrange's equations of motion for a
particle of mass m moving in a central potential V(r).
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Solution

The components of the velocity of a pamclc in spherical polar coordinates are 1 in the r-

direction, 19 in the 8-direction, and r¢sm6 in the ¢-direction. Since these are mutually
perpendicular, the speed v of the particle is given by

v? = 12 41262 4 12 4) sin?0,
and its kinetic energy by
T = 4mv? = $m(i? + 126 + r?¢*sin?0).
Alternatively, this can be obtained by transforming the expression
T=4m@x% + 3% +2%)

for the kinetic energy in cartesian coordinates, by setting

X = r5inBcosé, x = tsin@cos¢ + 10 cosOcosd - rdsinBsin¢,
y = rsinBsin¢, y = £sin@sin¢ + rOcosBsin¢ + rdsin Hcos ¢,
z=rcos8, % = tcos0 - rfsin® .

If the particle moves in a central potential V(r), the Lagrangian is

LaT-Va -%m(r +1262 + r2$?sin?0) - V(r).

We have

i"&-mi'. a—Ir‘--mrzé, = mr$sin? 6,
or a9 a¢
%-mr(ez+¢ sin 6)-% s%-mrzézsinacose. %-0

so Lagrange's equations in spherical polar coordinates for a particle moving in a central
potential are

Edt-(mf) = mr(6? + $?sin?8) -

%(mﬂé) = mr?$?sinBcosH,

dV(r)

d, 9: .9
— 0)=0.
dt(mrcbsm )
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The cartesian components of the velocity of the mass are thus
x = ~Rwsinwt - £(w + 8)sin(wt + 6), ¥ = Rw coswt + £(w + 8)cos(wt + 6),

and the kinetic energy is
Tw -}m(:’c2 +y?) = %m[Rzoo2 +2RLo(w + ) cosd + £2(w + é)z].

There is no potential energy, so the Lagrangian is simply T. We have

%g = mRw cos0 + me2 (w + 6), %g = -mRw(w + 6)sin6,
d(aTy

) e —mRwAsin® + me28,
de\ a8/ s+

so Lagrange's equation is
m¢20 = -mRw?¢sin8.

This is the same as the equation of motion of a simple pendulum in a gravitational field
Ro?.

Exercise 3.04

A pendulum is formed by suspending a mass m from the ceiling, using a spring of
unstretched length £, and spring constant k.

(a) Choose, and show on a diagram, appropriate generalized coordinates, assuming that
the pendulum moves in a fixed vertical plane.

(b) Set up the Lagrangian using your generalized coordinates.

(c) Write down the explicit Lagrange's equations of motion for your generalized
coordinates.

Solution

Ex. 3.04, Fig. 1
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Solution
We have
-QI:'— - eV Omy, ilﬁ\ = ¢®YB(m5 + ax),
ax dt\ ox/
L aym
— - -dV/ax),
oL _ em(-av/ax)
so Lagrange's equation for x is

mX = ~ax - dV/dx

with similar equations for y and z. These equations can be combined into the single
vector equation

mf = -ar-VV,
This is the equation of motion for a particle of mass m which is acted on by a

conservative force ~VV together with a frictional force —ar which is proportional to the
velocity of the particle.

Exercise 3.11
A system with two degrees of freedom (x,y) is described by a Lagrangian
L = $m(ax? + 2bxy + cy?) - 4 k(ax? + 2bxy + cy?)
where a, b, and ¢ are constants, with b = ac. Write down Lagrange's equations of

motion and thereby identify the system. Consider in particular the cases a=c=0,b= 0
and a=-c,b=0.

Solution

We have
% - m(ax + by), -‘;% - —k(ax + by),
21_—‘ = m(bx +cy), oL = —-k(bx +cy),
ay ay

so Lagrange's equations are

m(ax + by) = —k(ax + by),
m(bx + cy) = =k(bx +cy).
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Solution
(a) We have
aL eB aL . ¢eB dL
— = mx-—Y, — =my +—X, — =mz,
ax 2c ay c dz
d (3L) eB d(aL) B dfoLy .
v vl B -=V, —|—{=my+—X, -, =mz,
de\ ax) 2c dt\ ay c dt\ az/
dL__aV B AL __aV _eB, aL__av
x ox 2’ dy dy 2’ oz 3z’
so Lagrange's equations are
. aV ¢B. . dV eB. . Y
mX=-—4+—y, mMjm-—=—X, MmZ=-—,
dx C dy ¢ a9z

These can be combined into the single vector equation
mi = -VV +(e/c)rxB

(where B = Bk) and are the equations of motion, in an inertial frame, of a particle of
mass m and charge ¢ in a potential V together with a uniform magnetic field B in the z-
direction.

(b) The Lagrangian in a rotating frame can be obtained by transforming the variables as

in Exercise 3-13. The first term in L is the same as the Lagrangian in Exercise 3-13 and
so transforms the same; the second term V(r) is invariant; and the third transforms as

xy - y* - xlyl - y'*l + w(xlz + ylz).
The Lagrangian in the rotating frame is thus

L= 2m(x? 457 42 - V()

¢B rer 1o 1 2 ¢B ) 2 2
+mlo+—|(xy -yXx')+-—m{o’+—o|(x'*+ .
( 2mc)(YY)2( mc )Y
If we take m-wL--z—CE-.thc "Larmor frequency,” the third term in L' is eliminated
mc
and the Lagrangian reduces to

L' - -;-m(;z'2 +y'2+2)-V(r) - %mwxz.(’t'2 +y?).

It now contains only second order terms in the magnetic field. These are small if the
magnetic field is weak.
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Exercise 3.15

Show that the equations of motion of an electric charge e interacting with a magnet of
moment m can be obtained from a Lagrangian

L =4Mv2 + M v2 +(e/c) (v, - V) A(r, - Tg),
where

mx(r,-rg,)

At el
c m

is the vector potential at the charge due to the magnet.
(Y. Aharonov and A. Casher, "Topological Quantum Effects for Neutral Particles,” Phys.
Rev. Lett. §3, 319-321 (1984)).

Solution

First consider the charge. We have

oL _M,v,+%a,
v, c

d{dL dv, edA dv, e{(dm r,-r
dt M, —%+-—=M —9'+——x—‘—mr3-+v -v._)'V.Al,
dt(ave) ©dt cdt ¢ dt c| dt lre_rm ( ¢ m) e

oL - —c-Ve[(Ve -Vp) Al= E[(VC = Vi) VeA + (v - vy) x (Ve x A)].
ar, ¢ c

Lagrange's equations for the charge are

dv [ ldm r,-r 1

€
—_— e e - - .
Me t c tx-—;mp-lc " cvmxivexA)]+cch(VeXA)

Now
B, =V, xA

is the magnetic ficld due to the magnet at the location of the charge. The term in square
brackets,

l1dm r,-r 1

E --——x—'——mp—-—v xB_,
B ocdt Irg-ryf ¢ ™"

is the electric field due to the magnet at the location of the charge. It consists of two
parts: the first is the electric field due to the time-dependence of the magnetic moment;
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Exercise 3.13*
Consider the motion of a free particle, with Lagrangian

L =4im(x? +y% +2%),

as viewed from a rotating coordinate system

’

x' = xc0s0 +ysinO, y' =-xsin@+ycosd, z' =z

where the angle 0 = 6(t) is some given function of time.
(a) Show that in terms of these coordinates the Lagrangian takes the form

L' = 4m{(x2 432 +22) + 20(x'3' - y'K) + 02 (x4 y'2)]

where @ = dB/dt is the angular velocity.
(b) Write down Lagrange's equations of motion, and show that they look like those for a

particle which is acted on by a "force.” The part of the "force” proportional to w is called

the Coriolis force, that proportional to w? is called the centrifugal force, and that
proportional to dw/dt is called the Euler force. Identify the components of these
"forces.”

Solution

(a) To determine the Lagrangian to be used in a rotating cartesian frame, we transform
variables, setting in L

x = x'cosB - y’'sin0, X = x'cosB - y'sin8 - wx'sin0 - wy’cos0,
y = x'sinf + y'cos®, y = x'sin6 + y’'cos8 + wx'cosO - wy'sin0,
z=Z', =7,

where w = dB/dt is the angular velocity of the rotating frame. We thus find

L'- %m[(i'cose- §'sin® — wx'sin@ - wy’ cosd)? +
+(x'sin0@ + y'cosB + wx'cosO - my'sine)2 + (i')2
= dmfx 2+ 32 422 4 2000y - yx)+ 02 x4y D).
(b) We have

a—L'-mi( - mwy’ —d—li = mx’' - mwy' - mgu—)y iL—'-mo.)y +mw?x’
ax’ ©ode\ax') de” ' ox’ '
i3£-my + mox’, i(—L—)-my + mox' +md—wx' £--mwx +moly’,
ay’ d dt ox’
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Loy, Lo, Ly,
a9z oz’ az’
so Lagrange's equations in the rotating frame are

2

mx’ = 2mwy’ + mo“x’ + m(dw/dt)y’,

my' = -2mwx’ + mwzy' ~- m(dw/dt)x’,
mz' =0.

The right-hand sides of these equations are the components of the "inertial force™ which
observers in the rotating frame say acts on the particle. The terms proportional to ® are
the "Coriolis force"
F'(Coriolis) = 2mwy’,-2mwx’',0) = -2me x ¢';
the terms proportional to w? are the "centrifugal force"
F'(centrifugal) = (mwzx',mwzy',O) = -mw x(0wxr');

and the terms proportional to dw/dt are the "Euler force"

dw do do
F'(Euler -( —vy',-m— '.0) - -m—xTr',
(Euler) = { m dt Y dt X m dt X

The Euler force is zero if the rotation is uniform.

Exercise 3.14

(a) Write down the equations of motion resulting from a Lagrangian
L = +m(x? + y% + 22) - V(1) + (¢B/2c)(xy - yX),

and show that they are those for a particle of mass m and charge ¢ moving in a central
potential V(r) together with a uniform magnetic field B which points in the z-direction.
(b) Suppose, instead of the inertial cartesian coordinate system (x,y,z), we use a rotating
system (x’,y’,z') with

x' = xcoswt + ysinwt, y’'=-xsinwt+ycoswt, z'=z.

Change variables, obtaining the above Lagrangian in terms of (x',y’,z’) and their first
time derivatives. Show that we can climinate the term linear in B by an appropriate

choice of w (this is Larmor's theorem: the effect of a weak magnetic field on a system is
to induce a uniform rotation at frequency w; , the Larmor frequency).
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Exercise 4.01

Consider a modified brachistochrone problem in which the particle has non-zero initial

speed vo. Show that the brachistochrone is again a cycloid, but with cusp h = v(z, /2g
higher than the initial point.

Solution
In this modified brachistochrone problem the speed of the particle when it has fallen a

distance y is
v-\/vg+2gy,

and the expression for the travel time becomes

X, 2
’1 + (dy/dx)
At = — dx.
L Vo + 28y

The integrand of this expression,

} [1+(dy/dx)2
F(y,dy/dx) W '

does not depend explicitly on x, so for the required curve the quantity
oF dy -1

He ———-X_Fa=
3(dy/dx) dx V(v2 + 2gy)(1+ (dy/dx)?)

is constant. It is convenient to set v3 = 2gh and then set

(h + yX1+ (dy/dx)?) = 2a

where h and a are constants with the dimensions of "length.”" Rearranging this and
integrating, we find
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y
J’ [_iiz_dy-x.

The y-integration can be performed by setting
h+y=a(l-cos¢) and dy=asin$dd

to obtain
X= f:o (1-cos¢)d¢ = 8.[(¢ -sin¢) - (¢o - Si"%)]

where ¢ is determined by the condition h = a(1 - cos¢y). The preceding two equations
describe a cycloid which has a cusp at (¢ = 0,x = -a(¢ -sing),y = -h) and which
passes through the initial point (¢ =g, X =0,y = 0) (Fig. 1). The constant a must be
chosen so that the cycloid passes through the final point (x,,y;).

(x1.¥1)

Ex. 4.01, Fig. 1

Exercise 4.02
A bead of mass m slides without friction along a wire bent in the shape of a cycloid

x = a(¢ ~sin¢) y = a(l - cos¢).
Gravity g acts vertically down, parallel to the y axis.

(a) Find the displacement s along the cycloid, measured from the bottom, in terms of the
parameter ¢.

(b) Write down the Lagrangian using s as generalized coordinate, and show that the
motion is simple harmonic in s with period independent of amplitude. Thus the time
required for the bead, starting from rest, to slide from any point on the cycloid to the
bottom is independent of the starting point. What is this time?
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the second is the electric field due to the motion of the magnet. The charge thus moves
according to Newton's second law,

dv ¢
M, T:— =cE, + ;ve xBg,

where the right-hand side is the appropriate Lorentz force which the magnet exerts on the
charge.

Now consider the magnet. Although Lagrange's equations can be obtained in the
usual way, it is simpler to observe that the Lagrangian is unchanged on interchanging the
subscripts ¢ and m everywhere (but the quantity A changes sign). Applying this
prescription to Lagrange's equations for the charge, we obtain Lagrange's equations for
the magnet,

dv 1dm r,-r ¢
M — - [ -—(V,-V V A.
T dt ¢ dt x( S ) c( m = ¥e) X (Vi ¥ A)
Note that
Mmg!n-—Me%,
dt dt

so the total mechanical momentum M,.v, + M v, is constant. The preceding equation
needs to be rewritten so we can interpret it. First note that the quantity

rn,-r

E, = c—m—-‘F-
) SIS

in the first term on the right is the electric field due to the charge at the location of the
magnet. Then in the second term set

cA=-mxE,,
and hence find
eVxA=-V_ x(mxE,)=(m-V_)E,.

Here we have used the vector identity Vx (axb)=a(V'-b)-b(V-a)+(b-V)a-(a-V)b
together with the fact that V -E_ = 0. We then have

dv 1 dm 1 1
Mp SG - - G X B (0 V)0 XEe = Dy xE, ).

The first term in the round brackets,
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B, = lve xE,,
c

is the magnetic field due to the moving charge at the location of the magnet. We thus
obtain

dv 1 dm 1
M S - SEyE, +(m-Vm)(Be -<va xE,).

The term in round brackets is the magnetic field in the rest frame of the magnet. This is
the correct equation of motion for the magnet, as is discussed more fully in Lagrangian
and Hamiltonian Mechanics.
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The various starts for given energy E must lie within the ellipse

pi + mzmix2 <2mE.

The angle variable ¢, is initially zero. As time goes by, the angle variable ¢, increases,
and at time 2xt/w, it equals 2x and the system is back at the surface of section. The
angle variable ¢, is then

@2 (1) = 9, (0) + 2n(w, /w, ),
and the coordinates of the point on the surface of section are

A,
x(1) = /;nl;un(Qx(O)+2zt(m,‘/wy)), Pa(1) = 2m0,T, cos(¢,(0) + 21(®, /,).

This is repeated over and over, and we thus get a sequence of points

x(n) = ’%:;sin(%(O)-f-Zsm(mx/my)), Py (n) = Y2, T, cos{(0) + 2mn(0, /w,),

on the surface of section. These points lie on the ellipse

1 1
Epi(n) + -imwixz(n) =-w,l,.

If the frequency ratio w, /w, is an irrational number, the sequence never repeats and the
points eventually cover the ellipse densely. If, on the other hand, the frequency ratio is a
rational number, say w,/w, =r/s where r and s are integers, then after s passages

through the surface of section the angle variable ¢, increases by 2mr and the system is

back at its start. We have a finite cycle of s points. For the two-dimensional oscillator
these features do not depend on the start.

Exercise 10.02

A particle of mass m moves in a (two-dimensional) central force with potential

V--£+ h.

r

Using a computer or otherwise, plot the sequences of points (x,p,) in the surface of
section (y = 0, p, > 0, E fixed) which result from representative starts (refer to Exercises
1.13 and 9.06).
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Solution
According to Exercise 1.13 the equation of the orbit is

a(l-¢?)
r

=1+ecosa(@-6;)

where a-«,/l+2mh/L . Here r and 6 are polar coordinates in the plane of the orbit
with 6, being the direction of a pericenter. The parameters a and ¢ are the "semi-major-
axis" and "eccentricity.” They are related to the energy E and angular momentum L by

a-—L- and e 1,14»—1—-21:'0[2]"2 1/l ﬂ
(-2E) mk mka

The momentum p, conjugate to r is given by the energy equation

2 2
£L+L k h

—s - =-E.
2m 2mr° r +?
Solving for p,, we find

2mk a’l? [mk 2a a’(l-¢?)

= .2mE + — - - f—f=14—= .
Pr r 2 a r 2

and substituting for r from the orbit equation, we find

- ’ﬂT_" sina( - 6)

where we take the upper sign if L is positive and the lower sign if L is negative. The
conjugate momentum p, is the lincar momentum in the r-direction. The momentum

conjugate to 0 is the angular momentum L. The linear momentum in the 6-direction is

L/r.
Our surface of section is specified in terms of cartesian variables. These variables
are obtained from the polar variables by the transformation equations

X = rcos0, Px = P, cos8 - (L/r)sin6,
y = rsinf, Py = P, sin0 + (L/r)cosB.
The surface of section is defined by

y=0 with p,>0.

These conditions imply that on the surface of section
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i RZ( Y0, O
1=y % Py ('Esm“?‘m)

We now suppose that the parameters R = (X,Y,Z) are varied adiabatically so as to take
the system around a closed circuit in the three-dimensional parameter space. We wish to
find the resulting Hannay angle. For this we need the "flux density”

B = (Vq x Vp)

where ( ) denotes angle averaging and where

et ff T 3 )

The angle average of singcos¢ is zero and that of sin2¢ is 1/2, so we need only
consider

We have

V(Z)-lw-l,(:(;z+z;:(_zy;y) Yy, 1 Y
ol w0 20 wd V(Z)-gVY-72 V2

- ﬁl,(-z’vx +2YZVY +(XZ-2Y*)VZ)

so0 the expression for the "flux density” becomes

VX VY \ZA
I IR

Ba-_ g 2' 2YZ xz-zyz-al,(xvxwvmzvz)-m.
0 Yyz -Y/Z?

The Hannay angle is then given by

oy s[5
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These can be written in matrix form
a birx a bifx
m ==k .
b o5 <)

a b
If we multiply both sides of this equation by the matrix reciprocal to [

b ¢
the reciprocal exists if the determinant ac - b? of the matrix is nom-zero), we obtain

] (note that

mX = -kx,
my = -ky.

These are the equations of motion of a two-dimensional harmonic oscillator (a particle of
mass m constrained to move in the xy-plane and pulled towards the origin by a spring of
zero unstretched length and spring constant k). The usual Lagrangian

Lo =4m(x* + §%) - 4k(x? + y?)

(kinetic energy minus potential energy) for this system is obtained by setting a=c =1
and b=0. It is clear from this example, however, that it is sometimes possible to find
other Lagrangians which lead to the same equations of motion. Thus, for example, if we
take a = c= 0 and b = 1 we get an equivalent Lagrangian

L, = mxy - kxy,
whereas if we take a = —c =1 and b = 0 we get an equivalent Lagrangian

L, = im(x* - §3) - $k(x? - y?).

Exercise 3.12

The Lagrangian for two particles of masses m; and m, and coordinates r; and r,,
interacting via a potential V(r; - r,), is

L=dm iy + dm,fi,f - V(r, - 1))

. o . myry + mor
(a) Rewrite the Lagrangian in terms of the center of mass coordinates R = —-1—2-2
m; +m,
and relative coordinates r=r, - r,.
(b) Use Lagrange's equations to show that the center of mass and relative motions
separate, the center of mass moving with constant velocity, and the relative motion being

like that of a particle of reduced mass —m1+52— in a potential V(r).
m; +mj
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Exercise 10.01

Investigate the surface of section (y=0, p, >0, E fixed) for the two-dimensional
oscillator with Hamiltonian (refer to Exercise 9.02)

2 py o1 1
HeBx Y, —mw3x? + —moly?,
2m 2m 2 7

In particular, examine the nature of the sequences of points resulting from various starts,
(a) if u),/w, is an irrational number;

(b) if w, /w, is a rational number, w,/m, - 1/s.

Solution

According to Exercise 9.02 the cartesian variables (x,y;p,.p,) are related to the action-
angle variables (9,.$y:15,1y) by the canonical transformation

X= ﬂl-sintbx. Py = 42ma I, cosd,,

21, .
y= ‘}mw, singy, Py = 2mw, I cosd,.

The Hamiltonian, in terms of the action-angle variables, is
H=w,l; +0,l,.

Hamilton's equations show that the action variables I, and I, are constant in time and
that the angle variables ¢, and ¢, increase uniformly with time,

(1) = 9, (0) + w,t,
¢y(t) - ¢y(0) + (Dyt.

Let us take a surface of section y =0 with p, > 0. Coordinates on the surface are then

(x,px)- Suppose we start the system at t = 0 on the surface of section at (x,p,) and with
encrgy E. The coordinate y is zero and its conjugate momentum is

Py = y2mE - p mzmix2
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Solution

(a) The coordinates r; and r, of the particles, in terms of the center of mass coordinates
R and the relative coordinates r, are (Fig. 1)

Ex. 3.12, Fig. 1

The Lagrangian is

1

2
L-5m1R+-—mLA1 +-;-m2

2
R___“ll_;-l - V()
m, +m,

m; +m,

- (my +m)IR? w2 M2 2 v

2m; +m,

(b) Lagrange's equations for R and r are

(m; +m,)R=0 and _mlmz_.l;__aV(r).
m; +m, or

The first of these shows that the center of mass moves with constant velocity, while the
second shows that the relative motion is the same as that of a particle of "reduced mass”

—1T2_ in a potential V(r).
m, +m,





index-226_1.png
218 Chapter IX: Action-Angle Variables

H - (e "RM(RTE) - & T(RMRTJt' - £ TM'E
where M’ « RMRT. We can choose R so that the new matrix M’ is diagonal,

A, 0
-

1
M ==
|

where A, /2 and A_/2 are the (real) eigenvalues. Since the properties "determinant” and
"trace” of a matrix are invariant under such transformations, we have

AM=XZ-Y? and A, +A_=X+Y.
The new Hamiltonian becomes

1} 1 ’ l !
H -Ek*q 2 +-2-k_p 2.

Now if XZ-Y? >0, the signs of A, and A_ arc the same. The trajectories H' = E in
(q',p’) phase space are then ellipses with axes along the q' and p’ axes. The semi-q’-
axis is 4/2E/A, , the semi-p’ -axis is 1/2E/A_ , and the ellipse encloses an area

Area = 22E/N, xA2E/A_ = 2nE[A,A_ = 2nE[VXZ - YZ.
The action variable is thus
Area E

T “Ixz-y?

and the angular frequency is

m-—-*.‘ -Y2,

Another way to approach this problem is to solve the Hamilton-Jacobi equation
( 2\
! LXq + 2Yq— + Z(dw)

to obtain the generating function of the canonical transformation from the original
variables (q,p) to action-angle variables (¢,I). The Hamilton-Jacobi equation gives

ﬂv—--%qq»%\/zze-(xz-yz)q’.

dq
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Integration then gives

2
--_q +Zf42m (XZ-Y¥q2 4q.

The remaining integration can be performed by setting
2ZE 2ZE
q \,msm% dq-\’mwwdt

Y 2

2E
W=-274 +mf0082¢d¢--—q +7—(¢+8m¢°08¢)

As q is taken around one cycle, the variable ¢ increases by 2x and W increases by
27E/VXZ - Y2 . The action variable is then

We have

AW E E

i Ty e

whcrcwchavcmu'odmddwangularfreqmncyw-—-w/ - Y?. These results are

the same as we obtained previously, but we can now continue on to find the
comresponding angle variable. We replace, in W, the energy E by its expression in terms
of the action variable I, obtaining

W(q,I) = —-:Zlq2 +I1(¢ +singcos9) where sing=q

o
221°

The resulting function W(q,I) is the generating function of a canonical transformation
from (q,p) variables to action-angle variables. The old momentum is

-(g-iw_)-__y..’._zﬂcos’
P=\%q), Z3*\Z ¢

The angle variable is

Vot ), " ®

that is, the angle variable is simply the variable ¢ which we introduced previously for
purposes of integration. The transformation from the original (q,p) variables to action-
angle variables (¢,I) is thus
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To do the integration, we set
3
r =
The variable u is zero for r = ry and it tends to £ for r — R. The integral becomes
u
RO =r, —i—i-l - du=Rtan™! 5u -rotan”lu
o\(To/R)* +u® 1+u ro 0 ’

so the equation of the curve the minimum time tunnel must follow is

R [f2-12 r r? -r2
6 = tan ‘—w/—i—Q--—Q-tan‘H/—Q—.
o, \R2-r> R R2-¢2

The ends of the tunnel are at r = R, so the angular separation of the ends is

AB = (1 -1y /R).

(c) It is convenient to set

2_ 2

wndeun (578

-T

where the parameter ¢ is zero at the bottom and <7t at the ends of the tunnel. Solving
for r, we find

r? = R?s5in%(¢/2) + 1§ cos?(¢/2) = $(R? + ) - 4 (R? - d)cos¢.

Further, from the equation of the tunnel in part (b) we have

wtan [ Rean®) - 2
0 = tan (rotanz) 2R¢'

These two equations, which give r and 8 as functions of the parameter ¢, are another
way of describing the curve which the minimum time tunnel must follow. We wish to
show that this curve is a hypocycloid, which is the curve traced by a point on the rim of a

circle which rolls on another circle. In this case a smaller circle of radius a = %(R -1Ip)
rolls inside a larger circle of radius R (Fig. 3).
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Ex. 4.03, Fig. 3

If we apply the trigonometric cosine law to the triangle in Fig. 3, we have

r2 = (R-2a)%+a%-2a(R - a)cos¢ = }(R2 +13) -%(R2 +r13)cos¢,

which is one of the preceding equations. To obtain the second equation, the relation

between 6 and ¢, we proceed as follows. Let 8, denote the angle to the center of the

smaller rolling circle and let 6 denote the angle to the point on the circumference of the
smaller circle which traces the curve (Fig. 4)

point center of
on curve smaller circle

87
’ aswcos¢

Ex. 4.03, Fig. 4
Then from Fig. 4

tan(0 - 6,) = - asing = (R-rp)sing _(R- rg)tan(¢z2
(R-a)-acos¢ R(1-cosd)+ro(l+cos¢) Rtan?($/2)+ry

Now note that

tan(6 - 6,) + tan($/2)

1208 =80 + (¥/2) = (6 - 65y tan(0,2)

= (R/ro)tan(¢/2),
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S

Ex. 4.03, Fig. 1

First suppose that the tunnel is straight and let s denote the displacement along the tunnel
from the bottom, where r assumes its minimum value r, (Fig. 1). We then have

v=$§ and rz-s2+r(2,.

and the conservation of energy equation becomes
{ms? + +m(g/R)s? = +m(g/R)(R? - ).

The left-hand side of this equation, as a function of s, has the same form as the expression
for the total energy of a simple harmonic oscillator with angular frequency

o=4g/R.

The motion in s is thus simple harmonic. The time 1 for the particle to slide from one
end of the tunnel to the other is half a period,

Ty = /o = 4R/g = 42.2 min.

(b) Now consider the curve the tunnel must follow to make the travel time

‘lds
Atm | —
ty V

for the particle a minimum. It is convenient to use plane polar coordinates (r,0), in terms
of which the element of distance ds is

(ds)? = (dr)? + r%(de)?.
The speed v of the particle is given by energy conservation (see part (a)),
v2 = (g/R)R? - 1%).

The expression for the travel time becomes
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9, 2
At = 'EI "gr/_dze)_;_r_z_de.

We wish to find the curve r = r(0) which makes this a minimum. The integrand,

o \/E ,(dr/d6)2+r2
g Ri—ri '

does not contain the independent variable 6 explicitly, so for the required curve the
quantity

dF dr

R 1 r?
H=- = _Fu=-|—
9(dr/d6) do \/; VRZ =12 \[(dr/d6)? + 12

is constant. We set

1 r’ To
VRZ =12 J(dr/de)2 +1*  YRP-1

At the bottom of the tunnel dr/d@ = 0 and this equation gives r = rg, so the constant r,
is the minimum value of r. Solving for dr/d0, we find

dr r |r?-r2
— =R— _2_92.
do To R

-T

Rearranging this and integrating, we then find

r 2 2
Ro- [ [0 % "5 ar
0 by T -l'o

where we have chosen the constant of integration so that 6 = 0 at the bottom of the

tunnel (Fig. 2).
A

Ex. 4.03, Fig. 2
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Exercise 4.04

An instructive exercise in the calculus of variations is the "minimum surface of
revolution problem”:

(a) Find the plane curve y = y(x) joining two points (0,yq) and (x;,y;) such that the
areca of the surface formed by rotating the curve about the x-axis is minimum (the Euler-
Lagrange answer is y = acosh((x - b)/a), where a and b must be chosen so that the curve
passes through the end points).

(b) Using a computer or otherwise, draw representative members of the (one-parameter)
family of such curves which start at (0,1). Hence convince yourself that if the final point
is near the y-axis, two Euler-Lagrange curves pass through the given end points, whereas
if the final point is near the x-axis, no Euler-Lagrange curves pass through the given end
points.

(c) In this latter case the solution is the discontinuous Goldschmidt solution composed of
straight line segments (0,1) = (0,0) = (x;,0) = (x;,y;). In the region where there are
two Euler-Lagrange solutions, calculate and compare the area given by the Goldschmidt
solution with the areas given by the Euler-Lagrange solutions. Which of the three gives
minimum area? Does this depend on where in the region the end point lies? (This last
part is difficult; for guidance see Gilbert Ames Bliss, Calculus of Variations, (published
for The Mathematical Association of America by The Open Court Publishing Company,
Chicago, Llinois, 1925), Chap. IV, pp. 85-127.)

Solution

(a) Consider the surface of revolution generated by rotating the curve y = y(x) around
the x-axis. A little strip around the surface has an area

dA = 27y ds = 2:ty\/1 + (dy/dx)? dx,

so the total surface area between limits x, and x; is

A=2n J:“ yy/1+(dy/dx)? dx.
0
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where to obtain the second equality we have substituted tan(8 - 8,) from the preceding
equation. The angle 6 is related to ¢ by the condition that the smaller circle rolls
without slipping on the larger. This means that the arc R6; of the larger circle over
which the point of contact moves must equal the arc a¢ of the smaller circle,

R8g = a¢ = (R - 10)(¢/2),
and thus

-89 + (9/2) = (ro /R)(9/2).
Substituting this into the preceding equation and rearranging, we obtain

(R, ¢} r
O=tan”![ =tan¥t|- -2
(l’o 2) 2R¢

which is the required relation between 6 and ¢.

(d) The time, measured from the bottom of the tunnel, is

L [R °,(dr/de)2+r2de
g)o RZ- 2 '

dr r (r?-r2
— =R— _2_%.
de R

g -T

We have seen in part (b) that

along the minimum time tunnel, so the expression for the time becomes

X Rz-rng’r rdr
= 2 2w2 2
g o V(R® =1°)(r® = 1)

Now introduce again the parameter ¢ with

Integration gives
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so ¢ is a linear function of the time. The total time for the particle to travel from one end
of the tunnel to the other is

T=n ——Q = toy1- (ro/R)?,

so the parameter ¢ can be written

¢ = 2n(t/7).

Note that T~ 0 for ry ~ R (short tunnel near the surface of the earth) and that © = 7, for
ro = 0 (straight tunnel through the center of the earth). For end points 700 km apart on
the surface the angular separation is

AB =21 700 . To 2x700

Hence the travel time along the minimum time tunnel connecting these two points is

2
1-101/1- (-’él) ~101’4"7°° - 0.261; = 11 min.
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Exercise 4.03

Novelists have long been fascinated with the idea of & worldwide rapid transit system
consisting of subterranean passages crisscrossing the earth.! Public interest in
subterrancan travel rose sharply when Time ma§azmc2 commented on a paper by Paul W.

Cooper, "Through the Earth in Forty Minutes”.” This paper, while repeating some earlier
work,* served as a catalyst for a number of other papers on the subject’ to which you may
wish to refer in workmg the present exercise. Take the gravitational potential within the

carth to be 4(g/R)r? where g is the gravitational field at the surface and R is the radius
of the earth (thereby neglecting the non-uniform density of the earth).

(a) First show that a particle starting from rest and sliding without friction through a
straight tunnel connecting two points on the surface of the carth executes simple

harmonic motion, and that the time to slide from one end to the other is Ty = m/R/g
(~ 42.2 min) independent of the location of the end points.

(b) Now consider the curve r(8) the tunnel must follow such that the time for the particle
to slide from one end to the other is minimum. Set up the appropriate variational
principle, and show that

2
r Io
;](dr/de)z +2VR? - 2 ;]Rz -r2

is a first integral of the resulting Euler-Lagrange equation. Here r = rj at the bottom of
the tunnel (ry is the minimum distance to the center of the earth). Rearrange this and
integrate to obtain the equation of the curve,

I(R r-r%\ To _1( rz-r(z,\

Rl P ey b il | e

where 0 is measured from the bottom of the tunnel. The angular scparation between the
end points on the surface of the earth is thus given by

AQ = (1 -ry/R).

(c) Introduce a parameter ¢ with

1See Martin Gardner, Scientific American, September 1965, pp. 10-12, commenting on an article by L. K.
Edwarﬂs. “High-Speed Tube Transportation,” Scientific American, August 1965, pp. 30-40.

2Time, February 11, 1966, pp. 42-43.
3Pwlw Cooper, "Through the Earth in Forty Minutes,” Am. J. Phys. 34, 68-70 (1966).
4See Philip G. Kirmser, "An Example of the Need for Adequate References,” Am. J. Phys. 34, 701 (1966).
5Giulio Venezian, "Terrestrial Brachistochrone,” Am. J. Phys. 34, 701 (1966); Russell L. Mallett,
*Comments on "Through the Earth in Forty Minutes',” Am. J. Phys. 34, 702 (1966); L. Jackson Laslett,
"Trajectory for Minimum Transit Time Through the Earth,” Am. J. Phys. 34, 702-703 (1966); Paul W.
Cooper, “Further Commentary on “Through the Earth in Forty Minutes',” Am. J. Phys. 34, 703-704 (1966).
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¢ [r?-rd
tan =+ m o[ ———9
2 YR?2-2

so ¢ =0 at the bottom and ¢ = =5t at the ends of the tunnel. Show that the equation of
the curve takes the form

- f(R2 + r(z,) - -}(R2 - r%)cos¢

0= tan'l(-R—tanQ) -0,
ro 2

Show that this is the equation of a hypocycloid, which is the curve traced by a point on
the circumference of a circle which rolls without slipping on another circle.

R

In this case the larger circle is the great circle route, of radius R, connecting the end
points on the surface of the carth, and the smaller circle has radius a = -&(R -r1g) (its
circumference is thus the distance between the end points on the surface). The parameter
¢ is the angle shown in the figure.

(d) Now consider the time dependence of the variables. Show in particular that ¢ varies
lincarly with time, ¢ = 2rt(t/t), where T = rm/ 1-(rg /R)2 is the time to slide through the

minimum-time-tunnel from one end to the other. Compare T with T, for end points 700
km apart on the surface.

Solution

(a) For a particle of mass m which starts from rest at the surface and which slides without
friction through a tunnel through the earth, conservation of energy gives

4mv? + £m(g/R)r? = 0 + £ m(g/R)R.
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Solution

(a) The element of distance ds along the cycloid is given by

(ds)? = (dx)? + (dy)?
- az[(l - cos¢)? +sin’ ¢](d¢)2
= 2a2(1 - cos$)(d¢)?
= 4aZsin%(¢/2)(d$)? ,

ds = 2asin(¢/2)d¢.

The displacement s, measured along the cycloid from the bottom (¢ = xt), is thus

s=2a f: sin($/2)d¢ = ~4acos($/2)

and ranges from -4a to 4a as we move along the cycloid from cusp (¢ = 0) to cusp

(¢ =2m).
(b) The kinetic energy of a bead of mass m which slides along the cycloid is
T =4ms?.

The gravitational potential energy of the bead, measured from the bottom of the cycloid,
is

V = mg(2a - y) = mga(l + cos¢) = 2mgacos’(¢/2) = 4 m(g/4a)s.
The Lagrangian is thus
L = $ms? - $m(g/4a)s?,
and Lagrange's equation is
ms = -m(g/4a)s.

This is the equation of motion of a simple harmonic oscillator with angular frequency
W= \/g/4a and period T = 2nt/w = 2n+/4a/g. The time required for the bead, starting
from rest, to slide from any point on the cycloid to the bottom is one-quarter period,
n+/a/g, and is independent of the start point.
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}JE-%l-o.osw;l,-o.zs, }Ji-zl-o.m«?l,-omo.

}J’ 1—1-00025 —1,-00069 }ﬁ ;;-0.00042<%,-0.0012.

}Jr —‘-0000072< = 0.00020.

(c) We have the continued fraction expansion (where y = (\/5 -1)/2)

| o E—
l"'_i—_—
1+——1—
l+—1—
1+
14--
and continued fraction approximates
1 1 1 1 2 1 3 1 23
T ':I-z. l+—1—-—, “—r—-'? “_l_— 8
1 1+- 1+ — 1+ ———
1
1+ 1+—1
1+I

These differ from y by

1 1 1 1 2 1
-—=0.38 =100, y-—{=0.12 =025 K-={=0. =0.111,

3 1 5 1
~-—=0.018 = 0.040, - == 0.0070 = 0.0156.
f’ ﬂ ) f' §| < gz ~ 00136

(d) We have the continued fraction expansion

e-2+_—l—-i—_-
It ——7—
r—1

1+
44...

and continued fraction approximates

229
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3 1 8 1
f-3-0zs<dmton, p-Jeoosz<dmoun

Ie-%|-o.o317<zlf-o.0625, Ie-%-o.omm?‘f-o.ozm,

87 1
_ 80 L 0.00047 - 0.00098.
|° 32 <322

One sometimes sees the stronger inequality

number —£| < zli' This, however, is not
S

generally valid. Take, for example, Ie - ljl-l = 0.0317 and compare 2—142- = 0.0313.
X
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, ..._kL' 24\ k,I'
(H,$.1)) — (sin?9) —l—meo.

The new Hamiltonian is

k.
H’ I' - ' +_1_.
()=l 2mw,

Another way to find the new Hamiltonian is simply to transform the old Hamiltonian,
since from part (a) we know the appropriate canonical transformation. This gives

k,I' k,I' k
H'(¢',I') = 0o I’ + =1—cos2¢’ | + —L—sin? ¢’ = w I'( 1 + —1-
@1 °( 2k, ¢)+mwosm ¥ =l I+ o1

in agreement with the ing approach.
The perturbed frequency of oscillation is

m'-a—H,—-mo-i-—EL—-mo l+—kL R
ol meo 2k0

which can be compared with the exact result A
w-wlu-wo 1+ﬁ-~wo l+—lﬂ—+»-- .
m ko 2ko

Exercise 10.04

Find the continued fraction expansion of the following numbers, and write down the first
five or so continued fraction approximates. Verify that these are closer to the number

than (dcnominator)'z. (a) 157/225; (b) N2 (c) the golden ratio, y = (w/-s- - l)/2; (d) the
base of natural logarithms, e.

Solution

(a) We have the continued fraction expansion

157 1

—-——ﬁ-———

25 1
24—

3+—
4+§'
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(b) We have the continued fraction expansion

Ji-1+-—11_-
24— 1
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24 —1—
2+
Q4o

and continued fraction approximates
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L >0, and the x <0 set is for L <0. Note that the outermost "curve” is almost a finite
cycle of 17 points, so this is almost a periodic orbit. The reason is that (for these values
of n and ¢) 17a = 20.003845 which is almost an integer (1) = 0.04995 and ¢ = 0.8 give
a = 20/17 exactly).

Exercise 10.03
Consider a system with Hamiltonian

2
1 1
He= -%n--f -é-koxz + Ek,xz.

This is, of course, a simple harmonic oscillator with spring constant kg +k; and is

exactly soluble. Suppose, however, that we regard the term }klxz as a perturbation.

Find, to first order in the perturbation,

(a) the canonical transformation from the unperturbed action-angle variables to the
perturbed action-angle variables;

(Ans.: the generator is G = (k)I'/4k()sin 29)

(b) the Hamiltonian for the perturbed action-angle variables. Hence find the first order
correction to the frequency of oscillation. Compare with the exact result.

Solution

(a) We write the Hamiltonian as
H=H, + H,
where
Hy --Pi-t--l-kox2
2m 2
is the unperturbed Hamiltonian and
H, -%klxz

is the perturbation. The unperturbed system is a simple harmonic oscillator for which we
can introduce action-angle variables (¢,I) by setting

21
mwg

Xm= sing, p = +J2mwglcosd,
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where ®, -,/ko/m is the unperturbed frequency. In terms of these action-angle
variables the unperturbed Hamiltonian is

Ho(I) - (DQI
and the perturbation is

Kl
H,(¢.]) — sin“¢.

We wish to introduce new action-angle variables (¢’,I') such that the new Hamiltonian is

a function of the new action variable I’ alone, H'(I'). To find the generator of the
appropriate canonical transformation, we expand the perturbation,

Kl (5 2 20
H,(¢.1) 411nmo(z e - ),

so the Fourier components of H, are

SR SR N -
2mw 4mw, 4mw,

The Fourier components of the appropriate generator are then (Lagrangian and
Hamiltonian Mechanics, page 200)

g5 = ih, __ikl’ gy - ih_, _ikI,
2(.00 8k0 (-2)0.)0 8k0
so the generator is
ik, I/ 2 -2i kI
-l (2% _ 2| 2L
G(¢,) 8k, c e ) 41‘Os1n24>.
The canonical transformation generated by G is
oG k, . oG kI
'a G -+ — , I'm]-—=I~—Lcos2¢.
L ATl AT YR T

(b) The new Hamiltonian is, to first order in the perturbation,
H'(I') = Ho(I') + (H,(4.1")

where (H, ) is the average of the perturbation over a cycle. For this we can either take h,
from part (a) or proceed directly,
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0=0,2x,4x,- for L>0 or 0= -x-3x-5x,- for L<O0.

Coordinates on the surface of section are then (x = 2r, p, = +p,) where again we take
the upper sign if L is positive and the lower sign if L is negative. Sequences of points on
the surface of section are given by

a(l-¢?) {mk c .
<) = +(1 + ecos2nan), px(n) == Tmmzm'

where n = 0,1,2,--- and we have taken the start, for either sign of L, at pericenter. That
is, we have taken 6, = 0 for L positive and 6, = -x for L negative. The energy E and

hence the "semi-major-axis” a on a given surface of section is constant. We can thus
measure x in units of a and p, in units of ,/mk/a,andthcseqwnccsofpointsbecomc

2

1-¢ -t(l+000623m)’ px(n)-t c

in2ran.
(@) l-czsm on

The parameter a is best expressed here as

1. 1-_2.2"
a 1-¢

where 1 = h/ka is a dimensionless measure of the strength of the l/r2 term in the

potential (see Exercise 1.13). We pick an eccentricity ¢ and let n = 0,1,2,:-- to obtain one
sequence of points, change ¢ and obtain another sequence, etc. The result is Fig. 1, in
which we have taken 1= 0.05.

s 0 ’ s n=0.05
. Tt e=0.0,0.2,04,0.608

Ex. 10.02, Fig. 1

Eccentricity e=0 gives the elliptic fixed points (£1,0), and eccentricities
¢=02,0.4,0.6, and 0.8 give the successive surrounding "curves." The x > 0 set is for
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Exercise 4.07

(a) Find and solve the equations for geodesics on the surface of a cone of half angle a,

using as coordinates the distance r from the apex of the cone and the azimuthal angle ¢.
(b) Show that if the cone is cut along a line ¢ = constant and flattened out onto a plane,
the geodesics become straight lines.

Solution

(a) The distance ds between two neighboring points on the surface of the cone is given
by

(ds)? = (dr)? + r?sin® a (d¢)>.

This has the same form as the expression for (ds)? in Exercise 4.06, except that the ¢ in
Exercise 4.06 is here replaced by ¢sina. As a result, the calculations and indeed the
equation for a geodesic, rcos¢ = rg, in Exercise 4.06 can be easily modified to yield the
equation for a geodesic,

rcos(¢sina) = ry,

in the present problem. We have taken ¢ = 0 at minimum radius r = ry; this geodesic
can, of course, be rotated about the axis of the cone to give other geodesics.

(b) Now cut the cone along a line ¢ = ¢, and flatten it out onto a plane. Straight lines

¢ = constant on the cone become radial straight lines on the plane. Circles r = constant
on the cone become circular arcs on the plane; "arcs” because the distance around these
circles on the cone is 2nrsina, so the angle they subtend on the plane is 2xsina. The
two sides of the cut become a wedge of angle 2xt(1 - sina) which is cut out of the plane.

If we introduce polar coordinates (R,9) on the plane, then
R=r and © =ésina.

We have taken @ =0 at ¢ = 0. As ¢ ranges from -(2n - ¢,) through 0 to ¢, the angle
@ ranges from -(2n - ¢g)sina through 0 to ¢, sina (Fig. 1).
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Ex. 4.07, Fig. 1

The equation for a geodesic on a cone, when the cone is cut and flattened out onto a
plane, becomes

Rcos® = r.

As we have seen in Exercise 4.06, this is the equation of a straight line on the plane.

Exercise 4.08

Consider two points on the surface of a sphere. Without loss we may take them on the
equator at (0 = /2, = 0) and (0 = t/2,¢ = a). The geodesics joining these points are
the two arcs of the equator. Nearby curves can be represented by

O=n/2+ ian sin(tné/a)

nw=]

where the deviation from the equator has been represented by a Fourier series chosen to
vanish at the end points. Evaluate the distance between the two points along such a
curve, valid to second order in the small quantities a. Show that for 0 <a < x the

distance is always longer than the distance along the equator, whereas for x<a <2xn
there are nearby curves for which the distance is shorter than that along the equator, as
well as ones for which the distance is longer than that along the equator.

Solution

The distance ds between two neighboring points on the surface of a sphere of radius R is
given by

(ds)? = Rz[(d6)2 + sinze(dq))z]
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Exercise 4.06

Find and solve the equations for geodesics on a plane, using plane polar coordinates
(r,$) in terms of which the element ds of distance is given by ds? = dr? + r2d¢?.

Solution

The non-zero components of the metric tensor are

B =1, g“'rz-

The non-zero components of the Christoffel symbol are then

10g
I‘¢'¢, - Fw.’ - -Pr’“ L E_arﬂ =T,

and the equations for a geodesic become

dr  [do\2 ,d% dr
-r(=t) , --2r—
ek ) R~ S

2]
ds ds’

The second of these equations can be written
i(r2 it) =0
ds\ ds
and gives
I —m=1
where 1, is a constant. Using this to eliminate d$/ds from the first equation, we find

dir 12 d( r?
e A )

This is like the equation of motion of a particle of unit mass in a potential rg / 2r2, so
"energy conservation” yields

3(a)

2\ds

The value of the constant can be found from the constraint

2 2
+ 592- = constant.
r
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(-4

it thus equals 1/2. Rearranging and integrating, we obtain

2

where we have chosen the constant of integration so that s=0 at r=r,. This can be
written

r? =13 +52,

Substituting the result into the ¢-equation, we find

46 _ro __To
ds 1?2 ri+s?

Integrating, we obtain
0= J o un(2)
oT0+S$ To
where we have chosen ¢ = 0 at s = 0. This can be written
S =rgtané.

The two equations 12 - r(z) +s? and s= rotand, which express the polar coordinates
(r,¢) in terms of a parameter s, are the equations of a straight line (Fig. 1). If desired, the
parameter s can be climinated to give the explicit relation rcos¢ =ry between the

coordinates.

To

Ex. 4.06, Fig. 1
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where 6 and ¢ are the spherical polar coordinates "co-latitude” and "longitude.” We
wish to find the distance along the curve

6-—+ Za sm-nl-q)

n=] a

between the points (¢ = 0, 0 = t/2) and (¢ = a, 6 = t/2). For this we need

do = 28 —cosmdcp

ne=l

(d(i)2 Xza a ——cosmcosin—n’i(dtb)

D=lme] a

and

sin@ = cos\Ea sin J-l__E za ap sm—smm+

n- m-

sin2Q = 1- E Eanamsm——sinm-r

D=lm=] a

The element of distance is thus given by

a a a a

(ds)2 - Rz(d(b)2 1+ i ianam(%—%cos—mﬂc(wm _sm“_’@sm;““_‘?) .4....],

D=lm=}

ds=Rd¢
n-lm-l a a a a

l+— 22:1 a (——wsﬂcosw-&nﬂsmm)+---].

To find the total distance along the curve, we integrate from ¢=0 to ¢=a. The
integrals of cosx cos and sinx sin give zero for m » n and a/2 for m = n. We find

s = Ra[l+ nz_la,,(-i;-- 1) ]

Since 0 < a < 2x, the factor r'|27r2/012 -1 is positive for n = 2. We are interested here in
curves of minimum distance and hence set a, = 0 for n = 2. We then have
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1 2 32
l1+—a =1{+--{.
(]

s=Ra

If 0 < a <, the factor .'rrz/oz2 -1 is positive and all nearby curves are longer than the arc

Ra of the equator. If, however, & <a <2x, the factor uz/ a®-1is negative and nearby
curves of the form

ﬂ o

0 = —+a;sin—
2 a

are shorter than the arc of the equator.

Exercise 4.09

(a) Evaluate the action S{x(t)] for a free particle along the path:
"from (xq,tp) to (x',t') at constant velocity, and then
from (x’,t') to (x;,t,) at (a usually different) constant velocity."
(b) Consider S as a function of a parameter x'. Show that minimum action results when
x' is chosen so that the velocity from (xg,tp) to (x',t") is the same as that from (x',t’) to
(x;,t;), so that the full motion is at constant velocity.

Solution

The action S{x(t)] = K 'Ldt for a free particle, with Lagrangian L -%mlidz, along the
[}

given path (Fig. 1) is

S_Ln_lx'-xgl2 +mlxl-x'|2.
2 t'-¢ 2 -t

(x1.t1)

(x’,t")

(Xo 9t0)
Ex. 4.09, Fig. 1
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Exercise 9.05
A particle of mass m moves in a three-dimensional isotropic oscillator well

V = imw?(x? + y? +2%) = $mw?(p? + 22) =  mw?r?.

(a) Separate the Hamilton-Jacobi equation in cartesian coordinates (x,y,z), find the
action variables, and express the Hamiltonian in terms of these. Find the frequencies
(0y,0y,0,).
(b) Scparate the Hamilton-Jacobi equation in cylindrical coordinates (p,$,z), find the
action variables, and express the Hamiltonian in terms of these. Find the frequencies
(g, 04,0,).

(c) Separate the Hamilton-Jacobi equation in spherical polar coordinates (r,8,¢), find the
action variables, and express the Hamiltonian in terms of these. Find the frequencies

(w,,mo.wQ).

Solution

(a) Writing down the Hamilton-Jacobi equation in cartesian coordinates and solving it by
separation of variables proceeds as in Exercise 8.06. The momenta conjugate to x, y, and
z are

Px*™ \I2mo.x - m?w?x?, Py = 1,2may - m%w?y?, Pz = \/2maz - m*w?z?,

where the scparation constants a,, ay, and a, are the energies associated with each

degree of freedom, with a, +a, +a, = E. The action variables are then

I = Lf\hma -m?0%x?dx =a, /o,
I, = —f\IZma - m?w?y? dy = ay

Iz-z—n 2ma, - m?0%z? dz=a, /.

The total energy E, in terms of the action variables, is
E=o(, +I, +1,),

and the frequencies associated with the three degrees of freedom are
oE JE dE

e, 7 Y e, T R oaL,
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(b) The Hamilton-Jacobi equation in cylindrical coordinates is

ae((3) (3] (3 it o)-e

We try a solution of the form

W = R(p) + B(¢) + Z(2).
The Hamilton-Jacobi equation becomes

o)

rry
The left-hand side is a function only of p and z, whereas the right-hand side is a function
only of ¢. Both sides must equal a constant. We set

20 2 (2] () (o)

() (D)t

2

--12, (.d_dl) -12,

2mp2
dé

where the separation constant L, turns out to be the z-component of the angular
momentum. The pz-equation can be written

2 2 2
(._l_(_d_R_) + lmwzpz + L \ + —l—-(-(-l-z-) + -l—mo)zzz -E.
2m\ dp 2 2mp J 2m\ dz 2

The first term on the left is a function only of p, the second term is a function only of z,
and their sum is the constant E. Each term must equal a constant. We set

2 2 2
1 {dR 1 242 L 1 (dZ) 1 22
—_— ] +—mw +_‘T-E . —_— ] +—Mmwz= ,
2m(dp) 2 P 2mp . 2m\ dz 2 Ey

where E| + Ey = E. The separation constants E; and E; are the energies associated

with the "perpendicular” (or p¢) and "parallel” (or z) motions. The variables are now
completely separated, and we can read off the momenta conjugate to p, ¢, and z,

dW dR [
Po=—F—-=""" szl_m2m2p2_Ll;/p2'

% dp
W _do

p’ D ———— g —

a d¢ -
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The action variable for the radial degree of freedom is

I-’J‘\[_—L—z/p_dp
_JHI pdp [HJ' dp/p’

b |, yp? - b2 /b2 - y/p?
-Il—'l(tana—a)

where cosa = b/a. The parameter a is the angle shown in Fig. 1.

N

Ex. 9.04, Fig. 1
The action variable for the angular degree of freedom is
I¢ - M.
To express the energy E in terms of the action variables, we set

12 I
2mbI 2ma“cos‘a
and determine the angle a from

tana-a-nlp/l¢.

The frequency for the radial degree of freedom is
g Dsina [ja) 2nl
(O, = ———m — ) ,
Pal, ma%co_sjakalp} ma2sin2a

where we have used tan u( ) Il‘- Since Iy =[L=bv2mE = acosav2mE, the

radial frequency can be written
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2E/m

-2 .
©p = S asina

To understand this, note that \/ZE/m is the constant speed of the particle and 2asina is

the distance gone in one cycle of p, so Atp-%ﬂ‘i is the time for one cycle of p and

2E/m
w, = 21t/At,.
The frequency for the angular degree of freedom is
dE

Bsina { ga)
Wy=F—"= ++1—U’K}

I
al, ma“cos‘a ma‘cos’a

ma“sin2a
nl
where we have used tanzu(ﬂ) - .
aly I
Closed periodic orbits occur for those values of the action variables for which
Wy _2a_ Dy
W, 2n n,

where n, and n, are integers, with ny /n, £1/2 sincea < /2. In one cycle of the radial
coordinate the angular coordinate advances by 2a, and in n, cycles it advances by

2an,. If this equals an integral multiple of 2x, 2xn, say, the orbit returns to its start
and is thus a closed periodic orbit. Examples of periodic orbits are shown in Fig. 2.

OO

anp- 1/3 n¢n9- 1/4 anp-zjs

Ex. 9.04, Fig. 2
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2 2
(8 ()
dx dy

where a, and o, are separation constants (which we take to be positive) with

E--z%n-[ i+a§].

Integration gives X = +a,x and Y = +a,y, and their sum gives the complete integral
We=za,xta,y,

a function of four branches. The first half of the canonical transformation generated by
W gives the momenta conjugate to x and y,

aw aw
px-——-xax, py-——-:ay.

Jx

Whenever the trajectory hits a boundary, the corresponding momentum changes sign.
The action variables are

1 1 1 a.a

W —— R —— — - -—L
I, o py dx . ’oa‘dx+2,; L( a,)dx ot
1 1 1 a,b
-—— - — (- -t
I, 2n'fp),dy o andy+2njf( a,)dy =

We can turn these around to express the separation constants in terms of the action
variables,

.. "
* a’ Y b

The energy is then

(b) The frequencies associated with the two degrees of freedom are

E I g nil

- — - W, » —=

* oI, ma?’ Yoo, mb’
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(c) The area of the surface of revolution generated by rotating one of these catenaries

around the x-axis is
A=2n _':‘ yy/1+(dy/dx)? dx

- 2naj:' cosh2((x - b)/a)dx .

- a2 [ﬂ--r lsinh251—-—b + lsinhZE]
a 2 a 2 a

where b = xacosh™!(1/a) still. We have seen that two such catenaries pass through any

end point above the envelope. How do the areas of the surfaces of revolution generated
by these compare? Also, how do they compare with the area

Agou = n(1)? +my}

generated by the non-smooth Goldschmidt curve?

We shall not attempt to give a complete solution to this problem. Rather, we take
a few end points and see what happens, the aim being to bring out at least some of the
general features of the problem. In particular, we take as end points the intersections of
the a=0.2 catenary (the "lower" catenary) with the a = 0.4,0.6,0.8,and 1.0 catenaries
(the "upper” catenary). The end points and the areas of the surfaces of revolution
gcml:ratcd by the upper and lower catenaries , and by the Goldschmidt curve, are given in
Table I.

Table I: Areas of surfaces of revolution

a=02 x| = Y1 = Aupper = Ajower = Acod ™
with

a=0.4 0729359 0.413241 3.930575 4.005856 3.678077

a=0.6 0818405 0.621255 4.370380 4.740310 4.354114

a=0.8 0.888642 0.870795 5.059222 5.955004 5.523810
a=10 1.005808 1.549932 8.925927 11.194006 10.688607

We sce that: (a) the area generated by the upper catenary is less than that generated by
the lower catenary in all cases, and (b) the arca generated by the Goldschmidt curve 1s
less than that generated by the upper catenary if the end point is "near” the envelope but
is greater than the area generated by the upper catenary if the end point is "far from" the
envelope. These turn out to be general features of the minimum surface of revolution
problem.
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These are easily understood: the magnitude of the velocity of the particle in the x-
direction is |v,|=p,|/m = nl, /ma, and the time it takes for the particle to return to its

initial x-position with its initial x-velocity is At, = 2a/lv,|=2ma?/nl, ; the angular
frequency for the x-motion is thus w, = 27x/At, = ztzlx / ma?; similarly for the y-motion.
Periodic orbits occur for those trajectories for which w, /w, = I.b? / I’,a2 = n, /n, where
n, and ny are integers. They are the trajectories for which the particle returns to its
initial position with its initial velocity after a time At = n,At, = n At, (that is, after n,
cycles of x and n,, of y).

Exercise 9.04

A particle of mass m moves in two dimensions (p,$) in a circular "infinite square well”
potential (sometimes called a circular billiard)

V=0 for p<a and V-—+» for pza.

(a) Find the action variables I, and I,.
(b) Find the frequencies w, and w,, and write down the condition for periodic
trajectorics. Interpret your result geometrically.

Solution
According to Exercise 8.05, the momenta conjugate to the plane polar coordinates p and

¢ are given by
po=y2mE-L*/p?,  py=L,

where E is the (kinetic) energy and L is the angular momentum. The radial coordinate is
oscillatory, with p oscillating between an inner turning radius

ILI

b= 7mE

and an outer radius a. The angular coordinate ¢ is rotational, with ¢ increasing by 2x
per cycle for L positive and decreasing by 2x for L negative.





index-95_1.png
Exercise 4.05 87

Exercise 4.05

The motion of a "free" particle of mass m on a surface is described by Lagrange's
equations with Lagrangian L = T = +m(ds/dt)>. Show that the resulting equations of
motion are the equations for a geodesic, along which the particle moves at constant speed

ds/dt.

Solution
The Lagrangian is

2 ™80 T ar

where the xP (p = 1,2) are two independent coordinates on the surface and the 8po(x) are
the components of the metric tensor. We have

dxp oL _ 1 980 dx’ &=
(dx“?dt ax® 2 ax“ dt dt
d2xP 9B dxP dx®
Dap X
+m
dt( 3(dx® dt)) MBap~ T * M50 4t at

so Lagrange's equations are
T I P R
Bap 37 " 2" 0 ax“ dt dt | *Tg at

where the Ty ,;(x) are the components of the Christoffel symbol. These equations are

the same as the equations of a geodesic found in Lagrangian and Hamiltonian
Mechanics, page 66. Further, since the Lagrangian does not depend explicitly on ¢, the
quantity

oL  dx° 1 dxP dx® 1 (ds\?
T R L G
a(dx®/dt) dt 2 dt dt 2 \dt

is constant in time; that is, the speed ds/dt of the particle is constant in time.
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, 2]
& —z-l-Lsm ¢, and y= —Lsim#y.
mw, mw

y

(c) Hamilton's equations for the action-angle variables are

d
do, OB 4y E_
dt al, d dl,
d, __oE _o 4y B _
dt 0, dt by

The action variables are constant in time, and the angle variables increase uniformly with
time,

Px()=dro+0xts  by(t) =dyo +0yt.

The cartesian coordinates, as functions of time, are then given by the canonical
transformation

’ 21, . 2, |
x(t) = E)l:sm(mxt+¢xo), y(t) = E)Lsm(wy”%o)-

y

(d) The resulting trajectories in (x,y) space are Lissajous figures within the rectangle

Ixl< ,/21x/mwx , lyl< 1/21y/mco See Fig. 1(a), in which the frequency ratio has been
taken to be w,/w, =5/3. Since this is a rational number, this trajectory is periodic,
closing after five cycles of x and three of y.

Ex. 9.02, Fig. 1(a) Ex. 9.02, Fig. 1(b)
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We wish to find the curve y = y(x) which makes this surface area a minimum. The

integrand
F = 2myy1 + (dy/dx)?

does not depend explicitly on the independent variable x, so for the required curve the
quantity

oF dy 2y

He———-—2_F=-
d(dy/dx) dx \]1 + (dy/dx)?

is constant. We set

y

=3,
;]1 +(dy/dx)?

The constant a is the minimum value of y (where dy/dx = 0). Solving for dy/dx, we

find
o 1

a

Rearranging this and integrating, we then obtain

y
x-b_J' dy -cosh'll.

a ‘;]y2_a2 a

The constant of integration b is the value of x at which y is a minimum. Thus, according
to Euler-Lagrange, the curve which generates the surface of revolution with minimum
area is

y = acosh(x-b)/a.

Such a curve is called a "catenary” (Fig. 1). The constants a and b must be chosen so that
the catenary passes through the specified end points. As we shall see in part (b), this is
not always possible. What has gone wrong? The difficulty is that the Euler-Lagrange
approach implicitly assumes that the required curve is smooth, and this is not always the
case. It tums out that for the region where there is no Euler-Lagrange curve, and indeed

even in part of the region where there are Euler-Lagrange curves, the solution is the non-
smooth Goldschmidt curve.
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The trajectories in (¢,,$,) cartesian space are straight lines. Since, however, the phase

angles ¢-m and ¢+ x are equivalent, we can confine our attention to the square
l$l<x, I¢yl<x. Whenever a trajectory leaves the square, it is continued inside by

translation through 2n. See Fig. 1(b), which displays the same trajectory for the same
physical system as Fig. 1(a). We can imagine the boundaries ¢, = +x joined and then
the boundaries ¢, = +x joined. The result is a torus around which the trajectory wraps.

Exercise 9.03

A particle of mass m moves in two dimensions (x,y) in a rectangular "infinite square
well” potential (sometimes called a rectangular billiard)

V=0 for 0<x<a, 0<y<b and V -+ otherwise.

(a) Find the action variables I, and Iy.

(b) Find the frequencies w, and w,, and write down the condition for periodic
trajectorics. Interpret your result geometrically.

Solution
(a) The Hamiltonian is

H--2—:n—[p§+p§] with O<x<a,0<y<b.

The Hamilton-Jacobi equation is

1 [rawy? rawy?]
2m |\ ax / +(ay)] E.

We try a solution of the form
W = X(x)+ Y(y).
The Hamilton-Jacobi equation becomes
2 2
(ﬁ) + (2}(—) =2mE.
dx dy

The first term on the left is a function only of x, the second term is a function only of y,
and their sum is the constant 2mE. Both terms must equal a constant. We set
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Ex. 4.04, Fig. |

(b) For catenaries which start at (0,1) the constants a and b are related by
1= acosh(b/a).

Since "cosh"” is always greater than or equal to 1, the constant a lies between 0 and 1, and

b = xacosh™!(1/a).

The family of catenaries obtained as a is varied from 0 to 1 is shown in Fig. 2. As we can
see, this family has an envelope such that two catenaries pass through any point above the
envelope, and no catenaries pass through any point below the envelope.

a4 < e o N e 2 Q0
S © o =] =) ~ O oo
Pt [ I I Pt i
~ 5 < < (3 < < <
y
2
0.5 1 1.5 2

Ex. 4.04, Fig. 2
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The integration can be performed by setting

1 mE, mE 0?2 2dp mE 0?2 .
CRETIE e et R R R B R

p z z 4 (Y 2 1

As p increases from pp;, 0 Prex With the square root positive, f increases from 0 to x

and we must take ysin2p =sinB. The third term then gives -IL,|/2. Putting these
results together, we find the action variable associated with the p degree of freedom

;B _[L|

P 20 2
The action variable associated with the ¢ degree of freedom is

1
I. -Eﬂ,z«-p‘zl.
The action variable associated with the z degree of freedom is
1, = L = 2mE, - m?0%2 dz = Ey/o.
NIlia

These results can be inverted to express the energy in terms of the action variables,
E =02, +1,+1,).

The frequencies associated with the three degrees of freedom are then
JE JE JdE
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(c) Writing down the Hamilton-Jacobi equation in spherical gglar coordinates and solving
it by separation of variables proceeds as in Exercise 8.06 and in Lagrangian and
Hamiltonian Mechanics, pages 157, 158, 178, 179. The momenta conjugate to r, 8, and

¢ are
’ L2 12
2mE - m2w?r? - =, —f—. =L,
=3 sin‘ 0 Po= b2

where the separation constants are the total energy E, the magnitude of the angular
momentum L, and the z-component of the angular momentum L,. The action variable

associated with the radial degree of freedom is
1 —,/ _ 222 r2/2
I, :rj:.. 2mE - m“o°r L/r dr.

This has the same form as the I, integration in part (b), so we obtain

E L

I -

2w 2
The action variables associated with the angular degrees of freedom are

L2

1
L? -5 d0- L-[L,|. I, = EfL,d¢-|L,|.

The energy E, in terms of the action variables, is
E =02l +Ig +]1,).
The frequencies associated with the three degrees of freedom are then
) oE dE

wr-——-- ’ (De-—-w’ w.-—-m_

I, ol ol,
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ow dz 2 2.2

pz-—a?-a- mE.-mu)z .

The action variable associated with the p degree of freedom is

oL P 2,022 _12/[2
I, nj:-.‘jsz.L m’w?p® - 12 /p? dp
(-
1 mE, - m2w?p? dp
n - QZmE‘L-mzmzp2 Li/p

where the square root is taken positive and where pp., and p,,,, are the inner and outer
turning radii (the values of p which make the square root zero). The first term is

1], B e o) o

Puia

since the square root is zero at the turning radii. The second term is

p—
1 mE|.EI
n)o 27w
wia

Pmax

The integration can be performed by setting

B 2L2 02
—dr—pt - —-l-i- —k cosa, 2pdp = —1-1- —%sinada.
mw El J_

As p increases from Py, t0 Pmyx With the square root positive, a increases from 0 to

and we must take Vsin?a = sina.. The second term then gives E, /2. The third term
is
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INVARIANCE TRANSFORMATIONS
AND CONSTANTS OF THE MOTION

Exercise 5.01

Show that a function of q(t), q(t), and t satisfies Lagrange's equations identically
(independent of q,(t)) if, and only if, it is the total time derivative dA/dt of some
function A(q(t),t).

Solution
The "if": let
dA(g,t) woA. dA
F- Do R
dt &g, = ot
Now
F 0N d{oF) & %A . %A F & %A . A
T Y "E qp + , and —= qp + .
aq: aQa dt aQa b.laqba(la ataQa aqa b.laq:aqb aQaat

Comparing, we see that F satisfies Lagrange's equations,

g(aF) 9F
dt\aq,/ oq,’

identically (independent of the form of A and of the specific time dependence of q).
The "only if™: conversely, suppose that F is some function of q, q, and t, which
satisfics Lagrange's equations identically. These equations can be written

2 - £ 9%F . 3’F _ 9F
——‘Qb — -
b.laqba b.laQba ataQa a‘h

The only place the {'s appear is in the first term on the left. Since we want the equations
to be satisfied independent of q, the coefficients of each of the q's must be zero,

9%F
aQbaQn

=0.

This means that F is a linear function of the q's,
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f
F(q.,q,t) = bsz«;.t)qb +8(q,t).
-]

Now

IF ¢ (
8, = di\ag,

Substituting these into Lagrange's equations, we find

) ;—lqb +—l, and ;a—flqtﬁ
199

aq, 3q,

Sz apos-2
aqb aqa ot 6qa

The only place the §'s appear is in the first term on the left. Since we want the equations
to be satisfied independent of q, the coefficients of each of the q's must be zero,

oy oy
aqb aqa

These are the conditions for the f's to be expressible in the form

dA(q,t)
oq,

where A(q,t) is some function of the coordinates q and the time t. Substituting this into
Lagrange's equations, we find

fa (qvt) -

A o
adq, 9q,

and so

LA
g 5

Thus, in order to satisfy Lagrange's equations identically, a function F(q,q,t) must have
the form

f
oA . OA dA(q,t)
F= —_—
Lo P e T T a
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2h y x?
tano = == [114/1-< - .
@ x’t h IhT

For y<h- x2/4h there are two real solutions for tana (and hence for a); for
y=h- x2/4h there one real solution; and for y> h - x2/4h there are no real solutions.

The curve y=h - x2/4h is the envelope of the family of trajectories which start at the
origin with fixed energy E = mgh but arbitrary angle of launch.

Exercise 4.12

A particle moves vertically in the uniform gravitational field g near the surface of the
carth. The Lagrangian is

L = 4mz? - mgz.

Suppose that at time O the particle is at z=0 and at time t; it is at z=z; . For any
motion z(t), actual or virtual, between these two points the action is

S(z(0)] - [}’ L(z.D)dt.

Pretend you don't know what the actual motion is. You might then guess that it can be
adequately represented by the first three terms in a power series in t,

z = 2o + Vot + $at?,
where zg and vg are chosen so that z(t) passes through the end points, and a is an

adjustable parameter. Evaluate S for this form of z(t) and note the dependence of S on a.
For what value of a is S a minimum?

Solution
The action along the path

Z-Z.0+Vot+'%8t2

from t =0 to t = t,, for a particle which moves vertically in a uniform gravitational field
8 is
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S -f(:‘ [%m(vo +at)? - mg(zg + Vot + }atz)]dt
= Em(v3t, + voat] + $a%t]) - mg(zot; + 4 vot? + $at]).

For paths which startat (t = 0,z = 0) and end at (t = t;,z = z;) we have
0=z and z; =vgt +%at12,

so the initial velocity is

z;, 1
Vo= A -—8(1.
t

Using these relations to eliminate z, and v, from our expression for S, we find

2
S--';—TL—Engz—ﬁl+;z-m(a2 +2ag)td.
1

The action S for these paths between the given end points is a quadratic function of the
adjustable parameter "a." Minimum action, and the "best” path of the form chosen,
occurs for a = —g. Indeed, this gives the actual path, which happens to be a special case
of paths of the form chosen.
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Exercise 5.02*

The motion of a particle of mass m which moves vertically in the uniform gravitational
field g near the surface of the ecarth can be described by an action principle with

Lagrangian
L = 4 mz? - mgz.

(a) Show that the action principle is invariant under the transformation z'=z+a

where a is any constant, and find the associated constant of the motion.
(b) Show that the action principle is invariant under the transformation z’' = z + it where

B is any constant, and find the associated constant of the motion.
Solution

(a) The new Lagrangian L'(z',z',t) for the new variable z’ is obtained by transforming
variables, setting

A

zmz'-a and zZ=1
in the old Lagrangian L(z,z,t). We have

L'(z',2') = L(z,2)
= imz? - mgz
~imz'? - mg(z' - @)
- ai-mi'2 -mgz' + mga
= L(z',2') + dA/dt

where A = mgta. Thus the action principle and system are invariant under this

transformation.
The corresponding infinitesimal invariance transformation is obtained by

replacing a by da and setting
0zwz'-z=8a and OA =mgtda.

The associated constant of the motion is

‘;—Ijau 5A = mz8a + mgtda
Z
- m(2+ghda.

The constant m(z + gt) equals mv, where vy is the initial velocity of the particle.
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Exercise 9.09

Consider again the simple plane pendulum undergoing small amplitude oscillations, and
suppose that the length £ is shortened adiabatically, this time by pulling the string up
through a small hole 1n the ceiling. Using elementary mechanics, show that the energy of

oscillation E . increases such that E . v/Z remains constant.

Solution

According to Newton's second law the tension f in the string, as the length £ of the string
is changed, is given by

f = mgcos8 - m(Z - £6%).
This tension equals the force we must exert on the string, so the work we do in changing
the length of the string is -ffdl. We are interested here in small amplitude oscillations,

for which oosO-l-%Gz. Also, we are interested in the adiabatic limit in which the

wndulum makes many oscillations in the time the length changes by a small amount.
¢ can then, to a good approximation, replace f in the expression for the work done by
its average over an oscillation. Now the average of mgcos® is

(mgcos8) = mg - $mg(6%) = mg - 4 gl = g - Eoue/2¢

where E -}m(g/l)(la,m,l)2 is the energy of oscillation (\/g/l is the angular
frequency and £8,,, is the amplitude of oscillation). The average of -m/ is zero, and
the average of m?6? is

(me6?) = § mt62,; = B/t
where Eg, = 4m(#0,,,)” is again the energy of oscillation. The tension in the string,
averaged over an oscillation, is thus
(f)mwmg-Eo /2l + Eop /[t =mg+E . [2L.

The work done on the system as the length of the string is changed adiabatically by a
small amount 8¢ is -(f)3£. This equals the change in the total energy of the system,
which consists of a change —mgd¢ in the equilibrium energy plus a change 8E . in the
oscillation energy. We have

-mg8¢ = (B oo /20)3L = ~mg8L + BE .,
which gives
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We adjust x’ to give minimum S. This requires

a_S'_mx -xQ_mxl—x -0,
ax t'-tg -t

so the velocity ’:;:‘Q- from (xg,ty) to (x',t') must equal the velocity Etl——Tx- from
-t 1=

(x',t’) to (x;,t,); the full motion is at constant velocity. This argument is easily
generalized to allow for many intermediate points.

Exercise 4.10

Fermat's principle states that light travels from one point to another along the trajectory
which makes the travel time a minimum.

(a) Use Fermat's principle to derive the law for the reflection of light from a mirror,
namely

" angle of incidence = angle of reflection”

(b) Use Fermat's principle to derive Snell's law for the refraction of light passing from a
medium in which the speed of light is ¢/ny to a medium in which the speed of light is

c/n; (c is the speed of light in free space and n is the index of refraction), namely
nosingg = n; sing,.

Here ¢, and ¢, are the angles to the normal of the incident and refracted rays.

Solution

(a) Consider a light ray which travels from (xq,y() to (x;,y;) via a point (x,0) on the
surface of a mirror (Fig. 1).

(x1,¥1)

(x,0)
Ex. 4.10, Fig. 1

The travel time is
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L -
T e 2m{B, + o L, - L ol + 0? |-y

The n-integration gives xt, so the contribution of the third term to I, is —lel. Putting
together our results, we find the action variable I associated with the p degree of
freedom,

1B, +o,L
L pr 'L‘U

The action variables associated with the ¢ and z degrees of freedom are

Iy=ofL.d=|L,| and 1--“’ =~ \2mE, -m’%? dz= 21,

W

The total energy E can now be written in terms of the action variables,

E = QL + o} +0? Fop 1, +ol,.

The upper sign is to be used if L, is positive, the lower if L, is negative. Note that this
expression for E reduces to the result of Exercise 9.05(c) if we switch off the magnetic
field (set w; =0). The frequencies associated with the p, ¢, and z degrees of freedom

JE JE JEB
mp-;-hlmi«rmz, m.-—-\fmf+m2¥mL. ml-a;--m

Exercise 9.08
A simple harmonic oscillator with time-dependent frequency w(t) has a Hamiltonian

2
p 1 2
He-— t
> +2mw()q

(a) Transform from (q,p) variables to (instantancous) action-angle variables (¢,I). Find,

in particular, the Hamiltonian to be used with the action-angle variables.
(b) Write down Hamilton's equations of motion for the action-angle variables.
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Solution

(a) We transform to instantaneous action-angle variables (¢,I) by setting

q= 2 sing, p = \2mw(t)I cosé.

maw(t)

The Hamiltonian K for the action-angle variables is given by

- LA
K@.D H(q,p)+\ o

Jq1

where
W(q,I) = I + singcos¢)

is the generating function of the transformation. The angle ¢ here is understood to be
expressed in terms of q and I through the relation

sin¢ = qy/mw/2I.
The first term in K is

2

H(Qq,p) = ﬁ(«&mwl cosq»)2 + %mmz( ﬁ—lu-)-sin¢) - wl.

The second is

(WY olcos?el ) . Isin29do
\'at /)y Heos "\ath,I 20 dt

The Hamiltonian for the action-angle variables is thus

Isin2¢ do
20 dt’

Note that it depends on the instantaneous angle variable as well as on the instantaneous
action variable, and also that it depends linearly on the rate of change dw/dt of the time-

varying parameter w(t).
(b) Hamilton's equations for the action-angle variables are

W _K_  sindgdo  dl__OK__ cos29do
de al 20 dt dt ¢ o dt

K@, ) =l +
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Solution

(a) According to Jacobi's principle, a projectile of mass m and energy E, which moves in
the xy-plane in the earth's gravitational field -gj, follows a trajectory which makes the
integral

[pds = j: 0'1/2m(E ~mgy)y1+ (dy/dx)? dx

stationary. This is a variational principle with integrand

F = 2m(E - mgy)y1+ (dy/dx)? .

Since F does not depend explicitly on the independent variable x, for an actual trajectory

the quantity
H-i—iy-—F-- 2m(E - mgy)
d(dy/dx) dx 1+ (dy/dx)?
is constant. The value of this constant is determined by the initial conditions. We set

E = mg(h + y5) where mgh is the initial kinetic energy and note that (dy/dx)g = tana
where a is the angle of launch. The constant H is thus

2m(E - mgyp) fom? 2
Hea- = -+2m“ghcos“a,
I+ (dy/0)7 s

and the preceding equation becomes

Solving for dy/dx, we obtain

2
(ﬂ) - tan?a|l1- L= ]
dx hsin“a

Rearranging this and integrating then gives the equation for a trajectory

! dy 2 f y-y
- xa)tana = = 2hsin“ afl - 1-—2-9—. .
(x Xo) a Iyov——l_(y_yo)/(hsinza) 1 [ hsin a]

We rewrite this in the form
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Exercise 9.07

A particle of mass m and charge ¢ moves in a three-dimensional isotropic oscillator well
V = mw?r?, on which is superimposed a uniform magnetic field B. Choosing the

symmetric gauge for the vector potential A = 4B x r and cylindrical coordinates (p,$,z)
with z-axis in the direction of the magnetic field, show that the time-independent
Hamilton-Jacobi equation separates, obtain the action variables (Ip,I4,1,), and express

the Hamiltonian in terms of these (Ans. H = (21, + I,)\/wz + 0} Flyop + 1,0, where
w; = ¢B/2mc is the Larmor frequency)

Solution
Referring to Exercise 8.12, we see that the Hamilton-Jacobi equation is

2 2 2
1 [(aw)\" (1aw _eB N (aWNE| 1 a2y
> (ap) +(p6¢ 2cp) +\az/ ]+2mm (p +z) E.

We try a solution of the form W = R(p) + ®(¢) + Z(z). The variables separate,

2

2
1 dR L, eB 1 2.2
—|([£ =2 i =E,,
2m(dp) +(p 2cp) rgre bt
1 /dz\? 1 do
mle) *ametd =B el

where E, +E,; = E. The momenta conjugate to p, ¢, and z are

2
Po W R 2mEl-(L“-ﬂp) - m%w?p?,

ap dp P 2
aW do oW dZ ’

The action variable associated with the p degree of freedom is

Prnx 2
1 L, eB 2 2.2
Ip-;J 2mEl-(—p‘---2—c-p) - m‘w“p” dp.

Puia

The quantity under the square root can be written
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R
y')’o'(x-xo)tﬂﬂa-(x—x%)—

4hcos” a
which we recognize as the equation of a parabola.

(b) The trajectories

2

X
y=xuana- 4hcos§a

which start at (0,0) are, for fixed h and variable a, a family of parabolas with range

R = 4hsinacosa = 2hsin2a

and maximum height hsin?a. Clearly, for a = 0 (horizontal launch) both the range and
maximum height are zero. As a is increased, both the range and maximum height at first
increase, until at a = t/4 a maximum range of 2h is achieved; the maximum height of
this trajectory is h/2. As a is increased still further, the range now decreases while the
maximum height continues to increase, until at a = 5t/2 (vertical launch) the range is
again zero and the maximum height is h. There are two possible trajectories for any
range less than 2h (Fig. 1).

y

Ex. 4.11, Fig. 1

Indeed, for any end point within the envelope of this family of parabolas there are two
possible trajectories. Note that the equation for the trajectories can be written

= xtana -ﬁ(l + tanza)
y ah '

This is, for given end point (x,y), a quadratic equation for tana, the solutions of which
are
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2m(E; +o.L,)- L";/p2 - mz(mf +m?)p?

where ®; =eB/2mc is the Larmor frequency. Then, dividing and multiplying the
integrand in I, by the square root, we obtain

I, ___ m(E, +w;L.)-m?(w? +w
JZm(EJ~ +w;L,)- Lzz/p mz(wL +w )p2
m(El-HnLL )+m|E Hw[_-uo Lz/p +m!L HwLHn ]

The first term in I, is the differential d fp\/— ) and gives zero contribution since the
square root is zero at the turning points. The second term in I is

P e
1 m(E, +w;L,)+mL,Nw? + w? pdp
n - 2m(E, +w(L,)p? -12 - m*(0? +0?)p*
L.
1 /B, +o/L du
27‘{;;0} +0) +|LZIJ (B L)z ( 2 2)L2 E L 2
L I"'“’Iz"“’g""” Z I“”l!z
- u—
e m“ (0, +0°) ( m(wi +® ))

where we have introduced the integration variable u = pz. The u-integration gives & so
the contribution of the second term to I, is

1B, +o,L fL |
2L of +’ J
To simplify the third term in I, we introduce the variable
n=-lL,|/p+mJw? +0?p, dn= (|L1|/p2 +myw? +w? )dp.
7% = 12 /p? + m* (0} +0?)p? ~ 2m]Lz|-\/w% + o2,

Note that n increases monotoncly as p increases. The third term in I, becomes
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1 1
t= -\/(x - x0)2 + y% + 21/(x1 -x)2 + y,z .

C

We adjust x to minimize this time. This requires

c_a_t X-X _ Xy - X 0
ax 2,2 2.2
(x-x0)"+ys V(x1=-x)"+y;
(x=x0)° +¥o (x; = x)° +yj

where ¢, and ¢, are the angles, to the normal, of the incident and reflected rays. The
preceding equation becomes

Now

sin¢g = sin¢,,

$o = ¢
which is the law of reflection from a mirror.

(b) Consider a light ray which travels from a point (xq,y() in a medium in which the
index of refraction is ng to a point (x;,y;) in a medium in which the index of refraction
is ny, via a point (x,0) on the interface (Fig. 2).

(X0, Yo)

Ex. 4.10, Fig. 2

The travel time is

n n
t= —Q\/(x -x) +y3 + —cl\/(xl -x)2+y?l.

C
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Exercise 9.06
A particle of mass m moves in a central potential

V--l—‘-+ h
r

(a) Find the action variable I, in terms of the energy E and total angular momentum L.
(b) Use your result to express the energy in terms of the action variables (I,15,15).

(c) Find the frequencies (w,,g,wy). Under what conditions (on the action variables) is
the motion periodic?

Solution
(a) The action variable I, is given by

\2m 12
I - —-—§ E+ ; - —f mr dr.
We rewrite this
2::1 § (E + k/2r)dr . § (k/2r)dr _ { (L2 + 2mh)/2mr?)dr
E + k/r - (L2 + 2mh)/2mr? N

The integrals can be performed as in Lagrangian and Hamiltonian Mechanics, page 180.
The first is zero since the integrand is the exact differential

d(ryE + k/r - (L2 + 2mh)/r? ). The second simplifics with the substitution

r k 2(1.2 +2mh)E

—-]- B, he = and Cwm 3
a €Ccos winere (-ZE) mk

becoming

1 | mk? 2n | mk?
2m (-2E)f B V2"

The third simplifies with the substitution

a(l -cz)
r

=]+ecosA,

becoming
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We adjust x to minimize this time. This requires

Now

X—-X . Xy =X .
(x=X0)" +¥5 (x;-x)" +yj

where ¢, and ¢; are the angles, to the normal, of the incident and refracted rays. The
preceding equation becomes

ngsingg = n; sing,

which is Snell's law of refraction.

Exercise 4.11*

Jacobi's principle states that a particle of mass m and energy E in a potential V(x,y,z)
travels from one point to another along a trajectory which makes the integral

J' p(x,y,z)ds, where p(x,y,z) = y2m(E - V(x,y,2)) is the magnitude of the momentum,
stationary (for further details, see Chapter VIII, Lagrangian and Hamiltonian
Mechanics).

(a) Consider projectile motion in the (x,y) plane with x horizontal and y vertical, and
with potential V « mgy where g is the (constant) gravitational field. Write down the

Euler-Lagrange equation which results from Jacobi's principle, and integrate to obtain the
equation for the trajectories.

2
(Ans. y~Yyo = (x-xg)tana - ‘(:;_x%)_ where (xqg,yp) is the start point,
cos‘“a

B = mg(h + yg) is the energy, and « is the angle of launch)
(b) Sketch the family of trajectories which start at (0,0) with fixed energy E = mgh but

arbitrary angle a of launch. Show that if the end point lies within the envelope

y = h - (x2/4h) of the family of trajectories, two trajectories connect the start and end

points, whereas if the end point lies outside the envelope, no trajectories connect the start
and end points.
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N2 +2mh dA__2m/L2+2mh
V2m V2m

We thus find the action variable associated with the radial degree of freedom

(b) The action variables associated with the angular degrees of freedom are obtained in
Lagrangian and Hamiltonian Mechanics, pages 178 and 179,

Ig = L"Lzl' Iy= |Lz|'
These results can be inverted to express the energy in terms of the action variables,

mk2
-2(1, +0p +1,)? +2mh) .

(c) The frequencies associated with thc three degrees of freedom are then

3E Iy +
wt-—- ®—mw=0), .
e (1, +Tg + 1) +2mh] +Jae+1.>=+2mh) Tl " YUl 1407 + 2

Periodic orbits occur when the frequency ratio

o 1+ 2mh -a
(Do* (Ia'f’l’)

is a rational number, @ = n,/ng 4 say. They are orbits for which

2mh
LPa(lg+]) = .
877 (n,/ne',)!—l

We have seen in Exercise 1.13 that in one cycle of r the angle in the plane of the orbit
increases by 2n/a, so in n, cycles it increases by 2mn,/a. If this equals an integral
multiple of 2x, say 2:mg 4, then the orbit closes and is periodic. This is another way to

obtain the preceding condition, & = n, /ng 4 , for periodic orbits.
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add them, we find that the speed v of the bead, with respect to the inertial frame, is given
by

v2 = §% + PQ% + 25Qsina.

The kinetic energy of the bead is $mv?, and since there is no potential energy this equals
the Lagrangian,

L(s,$,t) = i-m(.é2 + Q2 + 26Qsina).
The momentum conjugate to s is

p-gk-ms-bmrasma

a8
and the Hamiltonian is
1

H-ps-L--Z- S -—mrzﬂz-—(p mrQsina)? - erQZ.

Hamilton's equations are then
dp oH

B2 _P_qdq o LY
@ p m o OsnO Gt

Under the conditions being considered here, the bead makes many circuits as the hoop is
turned through, say, one rotation. We can then, to a good approximation, replace the
right-hand sides o Hamilton's equations by their averages over the position of the bead
around the hoop. This gives

ds _g) Q <p> 2AQ dp 1p%H
g, ds=(2)-2A89 1M su0,
at (m Zhorsmads={- 1= &t 1)oas

where A-ﬂgrsinads is the area enclosed by the hoop. Integrating with respect to

time, we see that the conjugate momentum p is approximately constant, Ap ~ 0, and the
change is s is

wbcmAe-j:thisthcanglcdxmughwhichmchoopismmed. The first term in As is
the dynamical change, and the second term, —(2A/£)A8, is the Hannay change.
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Exercise 9.12
Consider the "gencralized simple harmonic oscillator” with Hamiltonian
H = (Xq” +2Yqp + Zp?)

where (X,Y,Z) arc parameters with XZ > Y2,

(a) Show that the trajectories in phase space are ellipses and hence find the action
variable, showing that it is 1= E/e where o = VXZ - Y2 is the frequency.

(b) Express the variables (q,p) in terms of the action-angle variables (¢,I). (There are
various ways to do this; one way is to solve the Hamilton-Jacobi equation to find the

appropriate generating function.)
(c) Suppose that the parameters R = (X,Y,Z) are changed adiabatically (but always with

XZ > Y?) s0 as to take the system around a closed circuit in parameter space. Show that
the resulting Hannay angle is
8y - | j

{J. H. Hannay. "Angle variable holonomy in adiabatic excursion of an integrable
Hamiltonian,” J. Phys. A 18, 221-230 (1985) M. V. Berry, "Classical adiabatic angles
and quantal adiabatic phase,” J. Phys. A 18, 15-27 (1985).)

Solution

Ifwelet E= [ ] denote a column vector of the canonical variables, the Hamiltonian can

be written
H=§TME
where E7 =[q  p] is the transpose of E, and M is the symmetric matrix
M-l[x Y].
2|lY 2

Suppose we introduce new canonical variables &' by setting

t'=RE, E=RTE' where R=

cosa sina
-sina cosal’

This is a rotation of phase space through an angle a. The Hamiltonian for the new
variables is
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dE . ds

B,. 2

Integrating this, we find InE_,, = ~In+/Z +const., so as the length of the string is

changed adiabatically, the energy of oscillation changes such that Eo,c«fl_ remains
constant. We have thus shown that this quantity, proportional to the action variable

I=E_.+/¢/g,is an adiabatic invariant.

Exercise 9.10

A particle of mass m moves in one dimension x between rigid walls at x =0 and at
x = {. Using elementary mechanics:

(a) Show that the average (outward) force on the walls is F=2E/{ where E is the
(kinetic) energy of the particle.

(b) Sup now that the wall at x = £ is moved adiabatically. The energy of the particle
then changes as a result of its collisions with the moving wall. Show that

8E = —(2E/D)3L.

(c) Hence show that E¢? remains constant under this adiabatic change. Compare this
result with that given by "invariance of the action variable.”

Solution

(a) A particle of mass m moves back and forth between rigid walls at x = 0 and at x = £.
If the (kinetic) energy of the particle is E, its speed is v = \/2E/m . The number of
collisions the particle makes with one of the walls per second is v/2£, and the (outward)

momentum the particle transfers to the wall per collision is 2mv. The average (outward)
force the particle exerts on each of the walls is thus

F=2mvx v/2¢ =2E/!.

(b) Now suppose that the wall at x =/ is moved adiabatically through a small
displacement 8¢. The work done on the system is W = -F38¢, and this equals the

change 8E in energy of the system,

8E = —-(2E/0)3¢.

Another way to obtain this result is to observe that the speed of the particle is changed as
a result of its collision with the moving wall. If the speed of the particle before collision
is v and the velocity of the wall is u, the s of the particle after collision is v -2u (to
see this, analyze the collision in the rest of the wall). The change in the kinetic
energy of the particle in the collision is thus
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$m(v-2u)? - imv? ~ -2mvu,

where we have assumed that the velocity u of the wall is small and have hence dropped
the term quadratic in u. The number of such collisions in time 8t is (v/2£)8t so the
change in the energy of the particle in this time is

OE = -2mvu x (v/2£)3t = -(2E/ )¢

where we have set 8¢ = udt. This agrees with the result obtained from using the work-
energy theorem.

(c) Integrating the result obtained in part (b),
dE 2d¢

E L

’

we see that InE = -In#? +const., and thus the quantity E¢? remains constant in an
adiabatic change in the size of the box. Now the action variable for this system is

I-—l—mvle-lw/2mEl,
2n 14

so invariance of E¢Z under adiabatic expansion is the same as invariance of L

Exercise 9.11

Consider again the Hannay hoop. Write down the Lagrangian (the kinetic energy of the
bead in an inertial frame) using as generalized coordinate the displacement s of the bead
around the hoop from some fixed point on the hoop. Assume that the hoop is rotating

with angular velocity 2 = d6/dt. Find the Hamiltonian, and write down Hamilton's

equations of motion. Average (1/£) J:: ---ds the right-hand side of these over the position

of the bead around the hoop, and integrate with respect to time to obtain the Hannay
displacement (As) = -(2A/I§A6 in the position of the bead. Here A is the total arca

enclosed by the hoop and A@ the angle through which the hoop is tuned. (Hint: the
2

Hamiltonian is H = %— prsinaQ —-;-mrzcoszaﬂz)

Solution

The velocity of the bead, with respect to the hoop, is s tangential to the hoop, and the
velocity of the point of the hoop at which the bead is instantaneously located, with
respect to the inertial frame about which the hoop is rotating, is r2 perpendicular to the
radius vector. The angle between these velocities is /2 ~ a so, using the cosine law to
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which, in view of the first Hamilton equation for the old variables, reduces to the second

Hamilton equation
dp, _ _( aH)
dt 0q, p

for the old variables. Hamilton's equations for the new variables are thus equivalent to
those for the old variables.

Exercise 6.03

A particle of mass m moves in a central force field with potential V(r). The Lagrangian
in terms of spherical polar coordinates (r,0,9) is

L= -}m(fz +126% + r2sin? 6432) - V(r).

(a) Find the momenta (p,, Pe-PQ) conjugate to (r,6,4).
(b) Find the Hamiltonian H(r,8,¢,p;.Pg.Py)-
(c) Write down the explicit Hamilton's equations of motion.

Solution

(a) The momenta (p,,pg,Py) conjugate to (r,6,¢) are

dL . dL

pr--g-mr’ pe--a—é--mrzé, and p¢-a—l;-mr23in29¢.
(b) The Hamiltonian H(r,8,¢,p,.Pg.Py) is
H = p,i+pgl+pyd-L
2 2 2
- B +—ﬁ7p +ﬁ-7—2—-p +V
2m 2mr‘ 2mr*sin“0 ®.
(c) Hamilton's equations of motion are
2
dt _H p dp, oH pi Py 3V
— . — ’ - e —— + - ,
dt dp, m dt or r_m% mr-sin“9  dr
2
48 _oH _p dpg | _OH _Pycos)
dt dpy mr®’ dt 30 mrlsin°0’

d¢ oH P dpy  3H
et D v 7 --—=0.
dt dp, mr’sin“6 dt 8¢
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Exercise 6.04

The Lagrangian for a free particle in terms of paraboloidal coordinates (E,1,¢) is (see
Exercise 3.09)

L = %m(gz +nZXE2 +ﬁ2)+%m§2n2$2.

(a) Find the momenta conjugate to (E,n,¢).
(b) Find the Hamiltonian.

Solution
(2) The momenta (pg,py.Py) conjugate to (€,1,$) are

dL dL

-—=mE +n?)E, pp==e=mE +nP)f, and py = =mE2n?¢.
pra " nom Py =75 ~IEMO
(b) The Hamiltonian is
H = pE+ P+ ped - L
1 {p;+p; Py )
2ml§’+n§+5n J
Exercise 6.05*

The Lagrangian for a free particle of mass m, referred to cartesian coordinates (x',y’,z")
which are rotating about an inertial z-axis with angular velocity w, is (see¢ Exercise 3.13)

LI - %’n{(xo2 + ylz + ilz) + 2u)(xly' - ylil) + wZ(xl2 + y:2)].

(a) Find the momenta (pj, py,pz) conjugate to (x',y’,z').
(b) Find the Hamiltonian H'(x',y’,z’, px,py.Pz)-
1

(Ans. H' = H(pf +p? +p2)- ofx'py - y'py))

Solution

(a) The momenta (pg.py,p;) conjugate to (x',y’,z’) are

'-QE-m(i'—w') ’-iL—'-m("+wx’) and p'-a—u-mi'
P =3k Yoo Py =y T MY AR P m T
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Exercise 6.01
A system with one degree of freedom has a Hamiltonian

2
H(g,p) = 5"; +A(Q)p+ B(g)

where A and B are certain functions of the coordinate q, and p is the momentum
conjugate to q.

(a) Find the velocity q.

(b) Find the Lagrangian L(q,q) (note variables).

Solution
(a) The velocity q is given by the first of Hamilton's equations,

. OH
==L A).
m

ap
(b) The Lagrangian is then given by

L(q.9) = p(q.4)d - H(q,p(q,4)) = $m(d - A)* - B.

This illustrates how one can go from Hamiltonian mechanics back to Lagrangian
mechanics.

Exercise 6.02

We have seen (Exercise 5.01) that two Lagrangians L' and L which differ by the total
time derivative dA/dt of some function A(q,t),

L' = L +dA/dt,

are equivalent, leading to the same Lagrange's equations of motion.

(a) What is the relation between the generalized momenta p’ and p which these two
Lagrangians yield?

(b) What is the relation between the Hamiltonians H’ and H which these two
Lagrangians yield?

(c) Show explicitly that Hamilton's equations of motion in the primed quantitics are
equivalent to those in the unprimed quantities.
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Solution

(a) and (b) Starting with a Lagrangian L, we introduce a new Lagrangian L’ by a
transformation of the form

The new generalized momentum p’ is

, oL’ oL oA dA
Py = + =Pt

34, 04,  da, 3q.

and the new Hamiltonian H’ is

f f f
. dA ). dA . dA dA dA
H = Ep'q ~L' - z(p +—)q -L- E q _—-H(q’p'_—)_—.
.-l v .-l y aQ‘ ' ‘-l aq. ' at aq at

This transformation is sometimes called a "gauge transformation." Compare the
behavior, under electromagnetic gauge transformations, of the generalized momentum of
a charged particle in an electromagnetic field.

(c) Hamilton's equations for the new variables are

dq, _H' 22&__(3_**') ,
dt  ap, d  \aq,/

Looking at our expressions for H' and p', we see that the right hand side of the first of
these equations is equal to dH/dp, , so this equation becomes

dg, oH

dt dp,

which is the first Hamilton equation for the old variables. The second Hamilton equation
for the new variables becomes

Sy LAY [ [y oA
() [aq.\H at/],,f

Expanding both sides of this equation, we find

_d_&_+é 9’A dgp , 9°A __(a_H_) . f(_ﬂ) 3’A_, A
dt b.laQba(h dt ata‘h aq: P -] apb an.aQb aqlat
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We now rearrange the xy-equation in the form

2
ﬁ-—2y+ 2mE—o.§- ay .
dx c dy

The left-hand side is a function only of x, and the right is a function only of y. Both sides
must equal a constant. We set

2 2
gX—-o.,“ (d—Y-) -2mE-a§—(ax+EEy) .
dx dy c

The variables are now completely separated, so we can integrate to obtain

X = a,x, Y- w/ZmE - a2 - (a, +(B/c)y)* dy, Z=a,z.

The sum of these gives the complete integral
W = a,x +f1/2mE ~a? -(a, +(cB/o)y)’ dy +a,z.

(c) The complete integral W is the generating function of a canonical transformation.
Half of the transformation equations gives the momenta conjugate to x, y, and z,

oW aw [ oW
p‘-a_x-a” Py=—~ 2mE-af-(ax+(cB/c)y)2, pz-Tz—-az.

ay

The other half of the transformation equations gives the coordinates conjugate to a,, «,,

and E,
o W _ a, +(cB/c)y)dy
X da, 2mE—0§ '(ax +(cB/c)y)2

awW dy
B, = 30 =z-Q, 2 2
z 2mE -a; - (01x + (cB/c)y)
Bp+t= w mJ & 3
9E 2mE - a? - (a, + (¢B/c)y)
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The y-integration in the first of these equations can be performed to give

2
ﬁx-x+—c- 2mE-a§-(ax+c—B-y) .

cB c
This can be rearranged in the form
2 ca\2 [ c)\? )
(x-B)+(y+22) =(Z) (2mE-a?)

and says that the projection of the trajectory onto the xy-plane is a circle with center at

(B,,—ca,/eB) and radius Ic/cBI\/2mE-af . The second and third equations can be
combined to give

2(t) = B, +2(t +Bg)
m

and says that the motion in the z-direction is at constant velocity a,/m. Finally, the y-
integration in the third equation can be performed by setting

y= _%Lp.-% 2mE-a§ sinQ, dy -—%\[2mE—a§ cosfdQ.
c ¢ ¢

We obtain

Q1) = (t+BE)

where w_ = ¢B/mc is the cyclotron frequency. Substituting back into the yQ-equation
we find

ca c )
y(t) = -333-4-0—13 2mE —af sinw(t +Pg),

and substituting this back into the xy-equation we find
x(t) = B - :"g 2mE - a2 cosw, (t +Pg ).

These last two equations say that the particle moves around the circle at constant angular
speed w, with respect to the center of the circle.
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(b) The new Lagrangian L'(z’,z',t) for the new variable z’ is obtained by transforming
variables, setting
z=2'-ft and z=2'-P
in the old Lagrangian L(z,z,t). We have

L'(z',2') = L(z,2)
= $m#? - mgz
= 4m(z' - B)* - mg(z' - B)

= 4mz'? - mgz’' - mz'g + $mp? + mgtp
- L(z',2') + dA/dt

where A = -m(z' - %gtz)ﬁ + %mﬁzt. Thus the action principle and system are invariant

under this transformation.
The corresponding infinitesimal invariance transformation is obtained by

replacing B by 6B and setting
dzmz' ~z=td and OA =-m(z-3gt?)dP.

The associated constant of the motion is

Z—Ijaz +8A = m2ztdf - m(z -  gt?) 8B
z

The constant m(zt-z+ %gtz) cquals -mz, where z; is the initial position of the
particle.
The expressions
z+gt=vy, and it-z+-%gt2 - -2,

for the two constants of the motion can be inverted to obtain the velocity and position of
the particle as functions of time,

Z=vy-gt and z-zo+vot-%~gt2.

thus solving the equations of motion.
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Sy -j: [-%mv2 +4mo(xy - yi)]dt

where the integration is along the actual path from start to finish. Since the speed v on
this path is constant, the first term in Sy becomes

$mvZAt =  moR%.
The second term in Sy is
%mmf(xdy - ydx) = -mw x Area

where "Arca" is the area swept out by the radius vector from the origin, positive if the
particle moves clockwise and negative if it moves counterclockwise. From Fig. 2 we see
that this area is

Area = $R%¢ - $R?sin¢ + § (yox, - Xoyy)-

The first term here is the area of the sector of the circle, the second is (minus) the area of
the triangle with vertices at the start, the finish, and the center of the circle, and the third
term is the area of the triangle with vertices at the start, the finish, and the origin.

Ex. 8.10, Fig. 2

Putting the pieces together, we obtain Hamilton's principal function

Sk = $mwR?sin¢ + 1 mw(xoy; - yoxy)

= 1 mor? cot(w At/2) + $ mw(xey; - YoX;)

for a charged particle which moves in a plane perpendicular to a uniform magnetic field.
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Exercise 5.03

The motion of a simple harmonic oscillator is described by an action principle with

Lagrangian
L= -}miz --i-mwzx2

(a) Show that the action principle is invariant under the two-parameter (A,B) family of
transformations

x' = x + Asinwt + Bcoswt.
(b) Find the two independent constants of the motion associated with the infinitesimal
transformation, and identify them physically.
(c) Use the results of (b) to write down the general solution to the equation of motion.

Solution

(a) The new Lagrangian L'(x’,x',t) for the new variable x’ is obtained by transforming
variables, setting

x=x'-Asinot-Bcoswt and x=x'-wAcoswt+ wBsinwt
in the old Lagrangian L(x,x). We have

L'(x’,x',t) = L(x,Xx)

- %miz - %mmzx2

- u}m(i’ - wAcoswt + mBsinwt)2 - %mmz(x' - Asinwt - Bcosu)t)2

= 4mx'? + mx'(-wA coswt + wBsinwt) + 4 m(-wA coswt + wBsinwt)?

-%mwzx'2 - mwzx'(-Asin wt - Bcoswt) - -}-mm2 (-Asinwt - Bcosu)t)2

= L(x,x")+dA/dt
where
A = mox'(-Acoswt + Bsinwt) + }mm(A2 - B?)sin2wt.

Thus the action principle and system are invariant under this transformation.
(b) The corresponding infinitesimal invariance transformation is
8x = dAsinwt + dBcoswt and O8A = mwx(-dAcoswt + dBsinwt).

The associated constant of the motion is
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Exercise 8.11

(a) Write down the time-independent Hamilton-Jacobi equation for a particle of mass m
and charge e in a uniform magnetic field B in the z-direction. Use cartesian coordinates
and a gauge in which the vector potential is A = (-By,0,0).

(b) Show that the variables separate, and obtain a complete integral W.

(c) Use your expression for W to obtain general expressions for the cartesian coordinates
as functions of time. Identify physically the separation constants a and their conjugate
coordinates 8.

Solution

(a) The Hamiltonian for a particle of mass m and charge e in a uniform magnetic field B
in the z-direction is

1 eB \2 ,
H-E[(pﬁ?y) +p,+pz]-

Here we have used cartesian coordinates and a gauge in which the vector potential is
A = (-By,0,0). The time-independent Hamilton-Jacobi equation is

=E.

\ax ¢’/

1 [(oW eB \2 (aW)® [oW)?
m[—*—y (5 (%)

(b) We try a solution of the form
W = X(x)+ Y(y) + Z(z).
The Hamilton-Jacobi equation becomes
1 [/ax eB \? (dY)2 iz

— (—+—y) +|— +(—) =E.

2m|\dx ¢ dy dz
We rearrange this in the form

2

dX B \2 [dY)’ dz
(—+——y) +|— -2mE-—(—) .
dx ¢ dy dz

The left-hand side is a function only of x and y, and the right is a function only of z.
Both sides must equal a (negative) constant. We set
2 2 2
(9£+2 ) +(_‘_‘X) —2mE--a§, (_dZ) -ag.
dx ¢ dy dz
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(b) Under a gauge transformation of the cloctrbmagnctic potentials, the Hamilton-Jacobi

equation becomes
1 ¢ c c I\ aS
— S--—A'+—V),l +ed +—— - ——,
Zm'v c c o+ c at at

This can be written
lvs'-—A' +od --ﬁ
2m
where
S'mS+A.
[

The transformed Hamilton-Jacobi equation has the same form as the original equation;
the equation is thus invariant under electromagnetic gauge transformations.

Exercise 8.10

(a) Use eclementary mechanics to show that the trajectory of a particle of mass m and
charge ¢ which moves in a plane (x,y) perpendicular to a uniform magnetic field B is a

circle, along which the particle moves with constant angular velocity @ = eB/mc.
(b) Obtain Hamilton's principal function Sg(x;,¥;.t;5X0,Y0.to) by integrating the

appropriate Lagrangian (in the symmetric gauge)
L= fm(ak2 +y2)+ +mo(xy - yx)

along the path joining the end points.
(Ans. Sy = 4 mor? cotdw(t, - tg) + maw(xoy, - x,yo) Where r is the distance between
the end points)

Solution

(a) A particle of mass m and charge ¢, initially moving perpendicular to a uniform
magnetic field B, is acted on by a force

F-—c-va.
c

This force causes the velocity vector to change. The change is perpendicular to the
velocity v, so the direction of the velocity changes but its magnitude remains constant.
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The change is also perpendicular to B, so the particle continues to move perpendicular to
B, in a plane. The magnitude of the rate of change of v is

dvfi F

- —m )V
dtl m

where w = eB/mc is the cyclotron frequency. Since B is constant, this rate of change is
constant. The particle thus moves in a circle in a plane perpendicular to the magnetic
field. The radius of the circle is

Re=v/m.

(b) According to part (a), the actual path of a particle, from a start at (xq,y,) at time t,

to a finish at (x;,y;) at time t;, is a circular arc along which the particle moves at
constant angular speed w. The angle swept out, referred to the center of the circle, is

¢=wAt

where At=t, ~t, is the time elapsed between start and finish. The radius R of the
circular arc is thus given by (see Fig. 1)

2Rksin¢/2|=r

where 1= \/(xl - xo)2 +(y; - y(,)2 is the straight line distance between start and finish.

Ex. 8.10, Fig. 1

The linear speed of the particle is
wr
- wR | A raee————
Y 2lsin(w At/2)]
Hamilton's principal function is given by
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Thus the system is invariant under rotation about the z-axis.
The corresponding infinitesimal transformation is

Ox = -yd8, Oy=~x080, dz=0, and OA=0.

The associated constant of the motion is

8q, +0A = (mx - %}sy)(-yéﬂ) + (m)" + z—cx) (x80)

- [m(xy - yX) + (¢B/2c)(x? + y2)]66 :
Let
A = m(xy - yX) + (€B/2c)(x? + y2)

denote this constant of the motion.
It is of interest to use the constants of the motion p and v, previously obtained, to

climinate mx = + (¢B/c)y and my = v - (¢eB/c)x from the expression for A. We have

A = x(v = (€B/c)x) - y(u + (€B/c)y) + (€B/2c)(x% + y?).
This equation can be rewritten
2 2 2
(=) +(+ ) -(G) (4 -23)
¢B ¢B ¢B c
and shows that the orbit lies on a circular cylinder with axis parallel to the z-axis, with

center at x = cv/eB, y = —cpu/eB, and with radius R = (c/cB)\/ n? + v: - 2(eB/c)A. This

identifies, physically, the constants w, v, and A.
Since the Lagrangian does not depend explicitly on the time, there is another
constant of the motion, the energy (Hamiltonian)

£
JL .
E=»—q,-L
.Z_Iaq. '
-(mx-fz—lz-y)n(my %x)?*‘miz-%m(*z+?2+i2)‘%(xy’ﬁ)
1

- o 4yt +2%).

lt;laowcvcr. the energy is not independent of the constants already obtained. Indeed, we
ve
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(b) The momenta conjugate to (§,7,¢) are

oW a 12 1_4 ..,
= — = 2m, [k - — - —%5 + —F&* + EE?,
Pe = 3¢ m ame 2o tES
oW a L2 1
- — = V2m,[k + — - —Z» - —Fn* + En?,
Pn am " +m 2mn 2“ 1
oW
p¢-—5$--LZ

The third of these equations shows that the separation constant L, is the z-component of

the angular momentum. To identify the separation constant a, we begin by squaring and
subtracting the first two equations, obtaining

40 = p2 - pf + L2(1/n? - 1/EY) + mF(E* +0*) + 2mEE? - 7).

Substituting for L, = p, and for

1 2 2 l 2k 1 2 2
Em + + -—F(E* - ,
m(r’g Py) ‘Z_m?—qu, a2 E" -n9)
we find
2= 5 €0} - D) + gz—r% ‘2"‘1‘%——5*‘"“‘"&2“2'
B+ En E°+n

This expresses a in terms of the paraboloidal canonical variables. Since, however, these
variables are not in common usage, the expression may not be terribly illuminating. The
symmetry of the system suggests we try rewriting a in terms of cylindrical coordinates

p(=yx+y*)atn and z=1(E?-nd)
(the spherical polar coordinate is r = \/xz +y2+ z? - \/pz +2' = %(52 + 'qz)). The

transformation to these coordinates is a canonical transformation generated by

Fy =Enp, + %@2 - nz)pz. Besides the above relations, we have the relations between
the momenta

oF oF
Pt -&Z-npp +&p, and p, -j;nl-gpp-npz-
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2
E-—-[ +—y + v--c—B-x) +p.2]
c

- B Lﬂz 2., .2
2m p. +V +p.)+mc(p.y vx)+2m( c) (x +y)

The radius R of the circular cylinder on which the orbit lies can be expressed simply in

terms of the energy E,
R= (c/cBh/ZmE— p,f - v, [o.

In the second equality v, = 1,/7'&2 +y? is the velocity perpendicular to the magnetic field
and o = eB/mc is the cyclotron frequency.
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The separation constant a becomes
@ = po(zp, - PP,) + 2p} [p* - mkz/r + LmFp?.

Now p, and p, are the p- and z-components of the linear momentum, so the term in
brackets on the right is the ¢-component of the angular momentum,; it is Ly. As we have
seen, py is the z-component of the angular momentum,; it is L,. The first two terms on
the right are thus p,L, - (L,/p)(-zL,/p). Now (L,/p) is the ¢p-component of the linear

momentum and (-zL,/p) is the p-component of the angular momentum, so the first two

terms are the z-component of px L. The third term in « is the z-component of —mkr,
so we finally obtain

a = (px L-mkf) +4mFp® =K, +$mFp?

where K, is the z-component of the Laplace-Runge-Lenz vector.

Exercise 8.09

(a) Write down the Hamilton-Jacobi equation for a particle of mass m and charge ¢ in an
clectromagnetic field described by a scalar potential ¢ and a vector potential A.
(b) Show that the Hamilton-Jacobi equation is invariant under a gauge transformation,

¢ =d-(1fc)dMat, A'=A+VA,
provided the Hamilton-Jacobi function is also transformed,
S'=S+(e/c)A.

Solution

(a) The Hamiltonian for a particle of mass m and charge e in an electromagnetic field
which is described by a scalar potential ¢ and a vector potential A is

H-—l- -EAr+o¢.

2m c

The time-dependent Hamilton-Jacobi equation is thus

aS
S—-—-A -——
2m'v r+c¢ Jat
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ﬁ6)( +0A = mx(dAsinwt + dBcoswt) + mwx(-dA coswt + dBsinwt)

ax
= m(Xsinwt - wxcoswt)A + m(xcoswt + wxsinwt)dB .

Since 8A and OB are independent, the coefficient of A and the coefficient of B are
separately constants of motion. We can identify these constants by looking at t = 0. At
this time the coefficient of dA becomes —~mwx, where xg is the initial position, and the

cocfficient of 8B becomes mv, where vy, is the initial velocity,

m(xsinwt - wxcoswt) = ~mwxg,
m(xcoswt + wxsinwt) = mvg .

(c) These expressions for the two constants of the motion can be inverted to obtain thc
position and velocity as functions of time,

X = XoCoswt + (v /w)sinwt,
X = —Xq Sin Wt + vg coswt ,

thus solving the equations of motion.

Exercise 5.04

The Lagrangian for a particle of mass m and charge ¢ moving in a uniform magnetic field
which points in the z-direction is (see Exercise 3.14)

L = £m(x? + y? + 2%) + (eB/2c)(xy - yX).

(a) Show that the system is invariant under spatial displacement (in any direction) and
find the associated constants of the motion.

(b) Show that the system is invariant under rotation about the z-axis and find the
associated constant of the motion.

Solution

(a) First consider spatial displacement. The new Lagrangian L'(q’,q’) for the new
variables q’ is obtained by transforming the variables, setting

x=x'-a,, X=x',
y=y'-a,, and y=y’,
z=2z'-a,, i1=17,

in the old Lagrangian L(q,q). We have
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Exercise 8.08

A particle of mass m moves in a field which is a superposition of a Coulomb field with
potential ~k/r and a constant field F in the z-direction with potential -Fz. The total
potential is

V--E-Fz.

r

(a) Set up the time-independent Hamilton-Jacobi equation in paraboloidal coordinates
(see Exercises 3.09 and 6.04). Show that the variables separate, and obtain an expression
for the Jacobi function W of the form

W =42m f\/k ~a/m-L12/2mE? + FE* 2+ BE? dE
+\/§Ef‘\’k +a/m-12/2mn? -F*/2+ En? dn+L,¢

where L, and a are separation constants.
(b) Interpret physically the separation constants, showing that L, is the z-component of

the angular momentum, and that a =K, + 5mF(r2 - 2%) where K, is the z-component
of the Laplace-Runge-Lenz vector (see Exercise 1.12).

Solution

(a) The Hamiltonian for a particle which moves in a superposition of a Coulomb field and
a constant field is, in paraboloidal coordinates,

1 2 2 1 2 2k 1 2 2
He———(p2 +p2)+ - - —F? -n?).
2m@2 + nZ)(p§ p'l) 2m§2n§ p¢ EZ + 7]2 2 (E’ n )

The kinetic energy in this expression comes from Exercise 6.04 which in turn is built on
Exercise 3.09. The potential energy is written in terms of paraboloidal coordinates by

setting r= %(&2 +1?) and z= %(Ez -1?). The time-independent Hamilton-Jacobi
equation is

1 (raw\? oW\ 1 faw\: 2k 1.,
WY (W CALA T ~2FE?-n?)=E.
2m<§’+n’>l( ae) +(0n) }+2m§’n’(a¢) e 2 )

We try a solution of the form

W= X(E)+ Y(M) + O($).
The Hamilton-Jacobi equation becomes
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L'(q".q") = L(q.9)
= +m(x? + y? + 2%) + (eB/2c)(xy - yX)
= dm(i? + 32 +22) + (€B/20)(x' - 8,)y - (y' - 8,)K")
=4m(x'? + 72 +2'2) + (eB/2c)(x'y - y'k') + (eB/2c)(~a, ¥’ +a,X’)
- L(q".q") + dA/dt

where A = (eB/2c)(-asy’ +a,x’). Thus the system is invariant under spatial
displacement.

The comresponding infinitesimal transformation is
Ox = da,, dy= bay. dz=0a,, and OA =(eB/2c)(-yda, + x&ay).

The associated constant of the motion is

f
oL . ¢B . ¢B . ¢B
21661. 0q, +0A = (mx -_2?)') da, + (my+2—cx) da, + mzda, +-2—c-(—y6ax +xday)
Aw

- (mi —-CEy) da, + (my +E?x) da, + mzda, .
c

Since the displacements in the x-, y-, and z-directions are independent, the coefficients of
da,, 8a,, and da,,

p=mx - (eB/c)y, v=my+(cB/c)x, and p;=mz,

are separately constants of the motion.

(b) Now consider rotation about the z-axis. The new Lagrangian L'(q’,q’) for the new
variables q’ is obtained by transforming the variables, setting

X =x'cos8 + y'sin@, X = x'cosB + y’'sin0,
y=-x'sin0+y'cosf, and y=-x'sinB+y'cosH,
Zmz, Zwm ',

in the old Lagrangian L(q,q). We have

L'@q".4") = L(a.9)
= +m(x% + y* + 22) + (eB/2c)(xy - yX)
~ L m{(x'cos® + y'sinB)% + (=x'sinB + §' cosB)” + 2
+(eB/2c)(x'cos6 + y'sin0)(~x'sin@ + y'cos 6)
—-(-x'sin® + y'cos0)(x' cosO + y'sin0))
-im(x'? +y'2 +2'%) + (eB/2c)(x'y - y'k")
=-L(@q'.q").

:2]
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(%) ()| m () e inee

m(E*® +n°) +M
This can be rearranged in the form
((ax\? [dY\?) 2k do
(8] A8 ot (5
e P (b I e L e B

The left-hand side is a function only of § and v, and the right-hand side is a function
only of ¢. Both sides must equal a (negative) constant. We set

2

2 a 1 (raxy* (a\): 2k 1, o, )
st (&) (&) | e gt

B
d¢

The En-equation can be rearranged as

2mn

8w 0

The first term on the left is a function only of & and the second is a function only of 1.
Since their sum is a constant, each must equal a constant. We set

1 1 4 2 a
-—Lf-— - -k-—
2m(d§) 2mg 2FE EE m
2
.L.(d_Y.) + L +1Fn4_5n2 -k+2.’
2m\ dn 2mm~ 2 m

where this choice of separation constant a turns out to be convenient. The variables are

now completely separated, and we can integrate to obtain X, Y, and ®. Their sum gives
the complete integral

W= w/2—m-f1/k-a/m-Lzz/2m52 +FE* 2 + EE2 dE
+V2m f\/k +o/m-L2/2mn? -Fn*2+ En?dn+L¢.
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Exercise 8.12

(a) Write down the time-independent Hamilton-Jacobi cguation for a particle of mass m
and charge ¢ in a uniform magnetic field B in the z-direction. Use cylindrical coordinates

(p,$,2z) (the cartesian coordinates are x = pcos¢, y = psing, z) and a gauge in which the
vector potential is A = 4 Bpé (its cartesian components are A = (-4 By, +4 Bx,0)).

(b) Show that the variables separate, and obtain a complete integral W.
(c) Use your expression for W to obtain general expressions for the cylindrical
coordinates as functions of time. Identify physically the separation constants o and their

conjugate coordinates f.

Solution

(a) The time-independent Hamilton-Jacobi equation for a particle of mass m and charge e
in a uniform magnetic field in the z-direction is

LI’VW-EA
2m c

Here A is the vector potential. If we use cylindrical coordinates (p,¢,z) so that

2
=-E.

vw-a_v!f,.,.lﬂ;.,.ﬂv_i

ap p 3 az
and choose a gauge in which the vector potential is
A =$Bp},
the Hamilton-J acobi equation becomes

2 2 2
() (220 e, (W) ]E
ap pap 2

1
2m

(b) We try a solution of the form
W = R(p) + () + Z(2).

The Hamilton-Jacobi equation can be rearranged in the form

2 2 2
(%) *(poe-3) -2m=-{(&)
dp pdd 2 dz

The left-hand side is a function only of p and ¢, and the right-hand side is a function
only of z. Both sides must equal a constant. We set
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Ex. 1.01, Fig. 1

The motion is periodic with period

’ m
T=4a m.

The turning points +A of the motion are given by

of2)- B (s m(2)-fE)

For E <<V, we have mA/2a << 1 and can use the small angle approximation to write

= isi,,(ﬁ 2V H%),

2a VO 2a m
This is simple harmonic motion with angular frequency wg = —;;- 2;-:3- and amplitude
2a [E 2E . . . .
— .= =.,J—=. This is to be expected, since for small amplitude motion the
n\Vy mwg
potential approximates the "harmonic oscillator potential®
Vo(nx/2a)? = -}mw% x2.
For E >> V, we have
. [T . (n |2E
sin{ —| msin| —,/—t+
m(2a) (2& m %)
so, now dropping the arbitrary phase,
X LE 2 onmoor - 2B @o_+Dn with n, =0,21,22,.-.

22 2aYm 22Ym
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ul+u2v é(a(u (u; +uy) av. a(ul+uz)av)
dq, dp, op, 99,

aw]

duy
.2.1(( l aql apa apa ap. a‘h
2(&__&: _a\z_)+é(@1av_au av)
8q, dp, dp, 9q, dq, dp, 9p, dq,
]+

2=l am]
[ul v [uz V],

d(cu) v 3cu) av)
cu,v A
Lew.v]- .2.1( 3, 3, 9p, %,

-2(0_"_"_ o _ _?_"_0_")
&\ dq,dp, dp, dq,
f Ju dv  du dv
) Frrry

- dfu.v),

du dv du dv
u,v _—
[.v]- .2.1(3% op, aP- aq‘)

f
u +_z) ov (au +§21)£)
f

".zx(aq. 9. ops ai")
= -{v.u],

du d(vw) du a(vw))
[o.vw]~ .Ed(aq. dp.  9p, dq,

2( ( W+Vﬂ) —iu—(iw-f- Vi"v—))
&\ 9q, \ dp, dpa/ 9pa\0q, aq,

£ Ju dv du dw du Iw
D B ) oty
=[u,vjw + v{u,w].

This proves the first three properties of Poisson brackets. To prove the fourth property,
the Jacobi identity, we start with

[v,w] - 2(av aw_ﬁ_al)

&\ 0q, dp, dp, dq,

and work out
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x-"Et—«un, or - 2—Et+4a(n_+i-).
m m

The integers n, must be chosen appropriately; see Fig. 2.

l' ‘o n_-o

Ex. 1.01, Fig. 2

In this limit the particle oscillates back and forth at constant speed \/2E/m between rigid

walls at x = za. This is to be expected, since in this limit the potential approximates the
"infinite square well potential”

V=0 for Ixl<a
V —+ o for Ixi>a.
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(iii) For a particle of mass m in a "harmonic oscillator potential” the action variable is

1 2Bk 2
I-; _m\pm(ﬁ-%b{ )dx.

The integration can be performed by setting
x = 2E/ksing and dx =+2E/k cos$pdd

to give

which should be familiar.

(b) (i) For the infinite square well, Bohr-Sommerfeld quantization says

In-i 2mE, =nf where n=0,12,-

T
which gives the energy levels
A2n?
E, =n’ — .
2ma

2_2
Compare this with the result given by quantum mechanics, E; = (n + 1)22%‘% where

again n=0,1,2,--.

(ii) For the bouncing ball, Bohr-Sommerfeld quantization says

I, = i_‘sziﬂ =nf where n=012,::

3t mg

which gives the energy levels

E, (BS) = (37’“‘) 2/3( mg:”z)m.






index-8_1.png
X Contents

CHAPTER VIII HAMILTON-JACOBI THEORY 157
Exercise 8.01 157
Exercise 8.02 158
Exercise 8.03 161
Exercise 8.04 164
Exercise 8.05 165
Exercise 8.06 168
Exercise 8.07 : 171
Exercise 8.08 174
Exercise 8.09 177
Exercise 8.10 178
Exericse 8.11 181
Exercise 8.12 184
Exercise 8.13 188

CHAPTERIX ACTION-ANGLE VARIABLES 192
Exercise 9.01 192
Exercise 9.02 194
Exercise 9.03 197
Exercise 9.04 199
Exercise 9.05 202
Exercise 9.06 207
Exercise 9.07 209
Exercise 9.08 211
Exercise 9.09 213
Exercise 9.10 214
Exercise 9.11 215
Exercise 9.12 217

CHAPTER X NON-INTEGRABLE SYSTEMS 221
Exercise 10.01 221
Exercise 10.02 222
Exercise 10.03 225

Exercise 10.04 227





index-130_1.png
122 Chapter VI: Hamilton's Equations

Compare this with the result given by the WKB approximation in quantum mechanics,
E,(WKB) = (3n(n + )/2)* (mg2?/2)"” where n=0,1,2,---. Also, compare it with

the exact result given by quantum mechanics, E,(exact) = )»,,(mngl2 /2)1/3 where the
A, are the roots of the Airy function, Ai(-Ay) = 0. See Table 1.

Table 1, Energy of quantum "bouncing ball," in units of (mg2h2 /2)"3

n= E,(BS)= E,(WKB)= E_(cxact)=
0 0 2.3203 2.3381

1 2.8108 4.0818 4.0879

2 4.4618 5.5172 5.5206

3 5.8467 6.7845 6.7867

4 7.0827 7.9425 7.9441

8 11.2431 11.9353 11.9360

(iii) For the simple harmonic oscillator, Bohr-Sommerfeld quantization says

I, -En._ nA where n=0,12,-

w

which gives the energy levels
E, = nhw.

Compare this with the result given by quantum mechanics, E-(n+%)hw where
n=012,..,

Exercise 6.10
(a) Use the definition of the Poisson bracket to establish Poisson bracket properties 1, 2,

3, and also the Jacobi identity 4.
(b) Show that these four properties also hold for the commutator bracket.

Solution
(a) For Poisson brackets we have
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Exercise 1.01

A particle of mass m moves in one dimension x in a potential well
V = V, tan(nx/2a)

where V, and a are constants. Find, for given total energy E, the position x as a function

of time and the period t of the motion. In particular, examine and interpret the low
encrgy (E << V) and high energy (E >> V) limits of your expressions.

Solution
Energy conservation yields

$mx? + V tan? (rcx/2a) = E.

This can be rearranged to give

t-\/E,r dx -\/gr VM—
2 ) JE-Votn®(xj2a) Y2 |, {E- @+ Vo)sin?(mx/2a)

To do the x-integration, we set

= E 14 £14.4 E
inl —| = i ’ — — dx- cos ’
m(za) Evvy ¢ 2a°°s(2a) Erv, oS
and hence obtain

. 2(E+ Vo)
-9 %a e

The motion is thus given by (Fig. 1)

XY E [T 2(E+VQ)
sm(za) \]Ewosm(zd m ”’°)'
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and the second can be performed with the substitution

COs

E doe E
tan@ = _[—sin —CoS
Vo B, P Pl W!Vo pdp.

The result is

Solving for the energy, we find

E={ V5 + IRV AL 2.
\V'% " 2a2m/) "~ ° 2 2
The angular frequency of oscillation is

E = [V n2
LA ()

O=—- +—;1
d a¥2m 4m

At low energy (E << V) the action variable and angular frequency become

1-2 Zmvg| f1+ 2 -1]=? |2BEe.. and w~Z Y0
T Vo ny¥ Vo ay2m

Also, the potential becomes

2 2

1{n®V,
\V \V/ - Y0 {42
()= °(2a) 2(2a2 )x

In this limit the system behaves like a simple harmonic oscillator with spring constant

32V0/2a2. At high energy (E>> V) the action variable and angular frequency
become

I~—\/ and w-in 2E
a

In this limit the system behaves like a particle in an infinite square well potential (V = 0
for Ixl<a and V — = for Ix|> a).
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Solution

(a) The momenta (py,py,p;) conjugate to (x,y,z) are

p _ﬂ_m*_fg -i-m'-f-gx and 9L mz.
rF™ 27 PyTgy T LY
(b) The Hamiltonian is

H-pxi+pyy+pzi—L
(mi-iliy)x+(my+sgx) +mz
2c 2c Y

- %m()'t2 + yz + iz)

1 eB
2'5"1(" +y +zz)-—(xy yx)

and equals "kinetic energy.” Writing H in terms of the appropriate canonical variables
(X,Y,2.Px.Py,P,). We have

H L( LB )21( _c_lz,)t_l_
2m Px 2cy 2m Py 2¢ 2mpz

(c¢) The Poisson brackets of the components of the "kinematic momentum"” with one
another are

[mx,my] = [px y.py-%X]
- [purpy ] Llowsls Llyn, ] (L) Ty
3

together with
[my,mz]={mz mx]=0.

The Poisson brackets of the components of the "kinematic momentum" with the
Hamiltonian are then

[mx,H] = [mx,—l-m(x2 +y 4z ] [mx,my}y = —y.

[my,H]-[my,me +y2+2 )] = [my, mx x ___c_li*’

[mz,H]=0 ’
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The parameter Q thus increases uniformly at a rate w, and the x and y coordinates, as
functions of time, are

(& Qf)_
x(t) (mw-rm acosw(t+Pg),

y(t) = B, —;—i(t«&-ﬁg)-!-asinw(t-b-ﬂg).

Finally, the z-coordinate, as a function of time, can be found by combining the second
and third transformation equations, to give

2(t) = B, + 22 (t +Bg).
m

Motion in the z-direction is at constant velocity a,/m.
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These lead directly to the equations of motion for a charged particle in a uniform
magnetic field, namely

d, . . eB. d, . : ¢B. d, . .
d—t(mx) =[mx,H] = o L (my) = [my,H] = - —%, and — (mz) =[mz,H]=0.
Exercise 6.07

Consider the one-dimensional motion of a particle in the following potential wells, in
each case sketching representative trajectories in (x,p) phase space:
(a) an infinite square well V(x)=0 for0<x<a
V(x)—=+» forx<0 andfor x>a
(b) abouncing ball V(x)=mgx forx>0
V(x)—+» forx<0

(c) a simple harmonic oscillator V(x) = $kx?
4

(d) a double well V(x) = -%kxz + %klz'
a

Solution

(a) A particle of mass m and energy E in an "infinite square well potential” moves with
constant momentum V2mE from x=0 to x=a where it reflects, its momentum

changing discontinuously to —+2mE. It then moves with constant momentum —+2mE
from x = a back to x = 0 where it reflects, its momentum changing discontinuously back

to vV2mE, and the cycle is repeated. A representative phase space trajectory is shown in
Fig. 1.

P
y2mE

_—— afe m - -

- \2mE

Ex. 6.07, Fig. 1

(b) A particle of mass m and energy E in a "bouncing ball potential” moves, for x > 0, so
as to keep the total energy constant,

2
-R—+mgx-E.
2m
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Exercise 9.01

A particle of mass m moves in one dimension x in a potential well
V = V, tan?(sx/2a)

where V, and a are constants. Find the action variable I, express the total energy E in
terms of I, and find the frequency w = dE/dI. In particular examine and interpret the low
energy (E <<Vj) and high energy (E>> V,) limits of your expressions (refer to
Exercise 1.01).

Solution

The momentum of the particle, at position x, is

-2 (E-V mzﬂ).
p m 0 2a

The particle oscillates back and forth between limits A where

nA E
tan— = |—.
2a Vo
The action variable I is given by
4 A 19,4
2m(E-Votan2——)dx
2n |, 2a
O mx 6 cax
2
-%mm ;;osede -Jv—o dEe/COS e
T o -sin29 — - tan?8
E+Vo Y Vo

where 0 = xx/2a and O,, = xA/2a. The first integral can be performed with the
substitution

E sina, cos0do = E

E+V0 E+Vo

Sinf = cosada,
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Here we have chosen a gauge in which the vector potential is A = (0,8x,0) and the scalar

potential is ¢ = ~Ex. The advantage of this choice is that it allows separation of
variables, as we now show. We try a solution of the form

W =X(x)+ Y(y) + Z(z).
The Hamilton-Jacobi equation becomes

2

dX\2 [dY e3 dZ
BV +(EE-2Z4) - 2mezx-2 E--(—) .
(dx) (dy p x) esx - cm dz

The left-hand side is a function only of x and y while the right-hand side is a function
only of z. Both sides must equal a constant. We set

2 2
(gx_) + g!_gzx) _2m£x—2mE-—Q3, (g) -(13.
dx dy ¢ dz

We now rearrange the xy-equation in the form

2
dY-Q’H 2mE - a +2meEx - (Q)

dy ¢ dx

The left-hand side is a function only of y and the right-hand side is a function only of x.
Both sides must equal a constant. We set

2
?x+ 2mE - a +2meEx - (f:) -a,, %-ay.
The x-equation can be written
2 2
(_d_X_) -2mE—af+2mc£x-(ay-2x) .
dx c

The variables are now completely separated, and we can integrate to obtain X, Y, and Z.
Their sum gives the complete integral

We I,hmE a2 +2meEx - a -(ch/c)x dx+ayy+az

The canonical transformation generated by W gives
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Note that (see Exercise 3.13)
px = m(xcosB(t) + ysinB(t)), py = m(-xsin6(t) + ycos6(t)), and p, =mz,
so the (canonical) momentum vector p’ in the rotating frame is

- pxi' + pyj +pk’
- mx(l'cose(t) - §'sin6(t)) + my(i'sinB(t) + J’ cos6(t)) + mik’
= mxi + myj+ mik=p.

It equals the (canonical and kinematic) momentum vector p = mr in the inertial frame.
(b) The Hamiltonian H'(x',y’,z’,p;,Py.pz) is

H' = pyx'+pyy’ +pyz' - L’
1 2 12 '
= 5—(pi? + 057 +p7) - ofx'p} - y'p}).
The first term in H' is 1p"*/2m and equals the Hamiltonian H = Ipi?/2m in the inertial
frame. The second term is

~(x'py - y'py) = ~w(xpy - yp,) = -0 L
where L is the angular momentum in the inertial frame. So the Hamiltonian in the
rotating frame is

H=H-o-L.
As pointed out in Lagrangian and Hamiltonian Mechanics, H' is like a "free energy.”

Exercise 6.06

The equations of motion for a particle of mass m and charge ¢ moving in a uniform
magnetic field B which points in the z-direction can be obtained from a Lagrangian (see
Exercise 3.14)

L = +m(x? + y% + 22) + (eB/2c)(xy - yX).

(a) Find the momenta (p,,py.p,) conjugate to (x,y,z).
(b) Find the Hamiltonian, expressing your answer first in terms of (x,y,zX,y,z) and then
in terms of (x,Y,Z,px.Py.P2)-
(c) Evaluate the Poisson brackets
(1) (mx,my]
(ii) (mx,H]
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oW -{a, - (eB/c)x)dx
ﬁy "_"J 4 +Y,

2mE - ag +2meEx - (cr.y - (<:$/c)x)2

oW dx
B, = --a, +z,

2mE - ai +2meEx - (ay - (te(B/c)x)2

W dx
Bg +t= _E =-m 5
9 2mE - a§ +2meEx - (ay - (cﬁ/c)x)

The first of these equations can be written

where o = ¢B/mc is the cyclotron frequency and

(mwa)? = 2mE - a? +2(eEFw)a, + (¢FHw)?.

To perform the x-integration, we set

a
x-(—L-t- czz)-acosﬁ. dx = asinRdQ.
mw mo
The xy-equation becomes
eE \ ¢E .
-B, =~ -acosf2!dQ = - Q +asinf2.
y=FBy f \mg? ~2c0st)dd=-27

These last two equations, which express x and y in terms of the parameter €2, give the

jection of the trajectory onto the xy-plane. We recognize the curve as a cyclond To

ind how the particle moves along the trajectory, we turn to the third transformation
equation, which we write

dx

w(t+PBg) = J = [0 = Q(t).
a’ - (x - (l/mm)(uy + t:?;‘/oo))2 f
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where E is the total energy, V(x) is the potential energy, and x,(E) and x,(E) are the
lower and upper turning points of the motion.

(b) Show that the period T of the motion is given by

Tw= 2n£.
dE

Solution

(a) Consider a particle of mass m and energy E in a potential well V(x). If V(x) = E for
x=x, and x = x5, and V(x)<E for x,; < x < x,, the particle oscillates back and forth
between turning points x; and x,. The momentum p at position x is

p = 2m(E - V(x))

with the square root positive as x increases from x; to x, and negative as x decreases
from x, back to x;. The action variable I(E) is

1 1 xi:(E)
[m— -— 7 _
27':fpdx m‘:(E) \2m(E - V(x)) dx

with the x-increasing and x-decreasing halves of the cycle giving equal contributions.
(b) Consider the derivative of I with respect to E,

xz(E)
a - 1 d \/Zm(E - V(x)) dx

dE 1 )x,(E) dE
1 dx 1 dx
—\2m(E-V —2_—_ P2m(E-V —1,
+n m( (x2)) E m( (xp) iE

The second and third terms, which come from the dependence of the limits on E, give
zero contribution since the turning points satisfy /2m(E - V(x, ,)) = 0. We are left with

dr_1n® {__m__dx lr’“"ﬁ
dE n), g V2E-V&)  n)s e v(x)

where v(x) = \/Z(E - V(x))/m is the speed of the particle at position x. We recognize
the last integral as the time for the particle to go from x,; to x,, half a period T, so we

have

T= 2n~£.
dE
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R
°
Po
(- o) o

Ex. 8.12, Fig. 1(a) Ex. 8.12, Fig. 1(b)

If ag is positive, py > R and the circle does not enclose the origin (Fig. 1(a)). If a, is
negative, po <R and the circle encloses the origin (Fig. 1(b)). The minimum and

maximum distances to the origin are Py, = oo — R| and pp,, =po +R. The radius of

the circle is R = — 2mE—a§ ; the square root here is the component of the linear

¢B
momentum perpendicular to the magnetic field. The coordinate B, gives the direction of

the center of the circle.
To find out how the particle moves around the circle in time, we consider the third
transformation equation, which we write

BE +t=m 2
(2mE - a)p? - (aty - (cB/20)p?)
E[ 2pdp - EJ 2pdp
B 2 B 2
¢ 4R%p? - (p(z) ~R2- pz) ¢ 4R2p3 -(p% +R2 - pz)
We now set

p2 - p% +R2- 2poRcosf.

The variable Q is the angular position of the particle referred to the center of the circle,
with Q=0 at p = p,.., (see Fig. 2). Integration gives

Q=w (t+Pg)

where w_ = ¢B/mc is the cyclotron frequency. The particle thus moves around the circle
at constant angular speed ®..
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Exercise 6.09

(a) Evaluate the action variable I(E) (see Exercise 6.08) for:
(i) an infinite square well V(x)=0 forO<x<a
V(x) = o forx<0 andfor x>a
(ii) abouncing ball V(x) =mgx for x>0
V(x)+o forx=<0
(iii) a simple harmonic oscillator ~ V(x) = Jikx2

and use your results to find the periods of the motions.
(b) In the "old quantum mechanics” of Bohr and Sommerfeld the action variable I was

quantized in units of A (Planck's constant divided by 2x). What does this give for the
energy levels of the systems of part (a)?

Solution

(a) (i) For a particle of mass m in an "infinite square well potential” the action variable is

x.lfmdx-ﬁm.
nJo )4

dlI {2m
Tw2i— =g, —,
dE E

To check, note that this equals 2a/v, where v = \/2E/m is the constant speed of the
particle, and is indeed the time required to make the round trip.

and the period is

(ii) For a particle of mass m in a "bouncing ball potential” the action variable is

1 mg 2 V2m 3/2
1-;}? J2m(E - mgx) dx = = YER g2,

3n mg
and the period is
r-2n£-2 'sz.
dE mg

To check, note that in the half period "top to bottom" the particle falls a distance E/mg in
atime t/2. These are related by the well-known equation for free fall,
E 1 (1)2
mg 2 82/

which, on rearranging, gives the preceding expression for t.
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R
P9
' Po
Ex. 8.12, Fig. 2

Finally, we note that the integrals in the second and third transformation equations are the
same, so these equations can be combined to give the motion in the z-direction

2(t) = B, + —2(t +Bg).
m

The motion in the z-direction is at constant velocity a,/m. The coordinate f, is the
"initial" (t + Bg = 0) value of z.

Exercise 8.13

A particle of mass m and charge e moves in uniform crossed electric and magnetic fields,
Z1n the x-direction and B in the z-direction.

(a) Write down the time-independent Hamilton-Jacobi equation in cartesian coordinates,
and show that the variables separate for a suitable choice of gauge for the electromagnetic
potentials.

(b) Use your solution to find general expressions for the cartesian coordinates of the
particle as functions of time.

Solution

The Hamilton-Jacobi equation for a particle of mass m and charge ¢ in an
clectromagnetic field which consists of a uniform electric field € in the x-direction and a

uniform magnetic field Bin the z-direction is

awl(52) (5 (3] )-eme
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The trajectories in phase space are parabolas with x-intercept E/mg and p-intercepts
+4/2mE. At x =0 the particle reflects, its momentum changing discontinuously from
-V2mE to +V2mE. A representative phase space trajectory is shown in Fig. 2.

P

V2mE

E/mg
-v2mE

Ex. 6.07, Fig. 2

(c) A particle of mass m and energy E in a "simple harmonic oscillator potential” moves
so as to keep the total energy constant,

2
P e,
2m 2
The trajectories in phase space are ellipses with x-intercepts ++/2E/k and p-intercepts
+y/2mE. A representative phase space trajectory is shown in Fig. 3.

(d) A particle of mass m and energy E in a "double well potential” moves so as to keep
the total energy constant,

2 4
H-p——-l-kx2+-l—k-’%-E.
2m 2 4 a

The equilibrium points satisfy
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2 2

drR 1d® B ) VA
& =28 -2mE - £ -
(dp) *(pd¢ 2c) i (g) %

The p¢-equation can be rearranged in the form

2
ﬂ-§p2+p 2mE-a§—(gﬁ) .

dp 2c dp

The left-hand side is a function only of ¢, and the right-hand side is a function only of p.
Both sides must equal a constant. We set

2
do eB , 2 dR
— -ay, = Jz E-a’-|—| =a,.
% ay ch +P4j<m a, (dp) Gy

The p-equation can be written

2 2

(ﬁ) -2mE—a§—(g-’—-§p) .
dp P 2

The variables are now completely separated, and we can integrate to obtain R, ®, and Z.
Their sum gives the complete integral

2

ay ¢B
W-J 2mE-a§-(—pf--EEp) dp+ay¢ +a,z.

(c) The complete integral W is the generating function of a canonical transformation.
The first half of the transformation equations gives the momenta conjugate to p, ¢, and

z,

pp--a—\z- 2mE—a§-(

ap

-—-a°’ pz-—-az.

3¢ dz

We see that the separation constants a, and o, are the constant values of the momenta

conjugate to ¢ and to z. The second half of the transformation equations gives the
coordinates conjugate to a4, a,, and E,

g,_cB) 0 = ¥ W
P
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PREFACE

This book contains the exercises from the intermediate/advanced classical
mechanics text Lagrangian and Hamiltonian Mechanics (World Scientific Pub. Co. Pte.
Ltd., Si , 1996) together with their complete solutions. In a few of the exercises I
have seen ttomakcmmorchangwmttwwordmg these are marked by asterisks. Also,
I have not included the final Exercise 10-5, which is really an open-ended mini research
project.

The present work is intended primarily for instructors who are using Lagrangian
and Hamiltonian Mechanics in their course. It is hoped that it will assist them in
choosing suitable assignments for their students, and that it will occasxonallmvxde new
insights. Instructors may also wish to photocopy and post the solutions to exercises
with which their studcnts have had particular ulty.

This book may also be used, together with Lagrangian and Hamiltonian
Mechanics, by those who are studying mechanics on their own. In this case I strongly
urge the individuals to make serious efforts to work out a substantial number of the
relevant exercises on completing their study of each chapter and before looking at what I
have written here. Only 1n this way will such individuals come face to face with, and
hopefully overcome, the various difficulties which the exercises present. Exercises,
whether mental or physical, are meant to be done, not read about!

Melvin G. Calkin
Halifax, Nova Scotia

September, 1998
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3
L A ke k0.
aq a

They are (-a,0), (0,0), and (+a,0). The trajectories near (0,0) are given by

2
Pl el

and are hyperbolas; (0,0) is a hyperbolic point. The trajectories near (¥a,0) are given
by

2
Pt k(xza)? ~E+Lka?
2m 4

and are ellipses; (¥a,0) are elliptic points. Representative phase space trajectories are
shown in Fig. 4. The trajectories for which E = 0 arc the separatrices.

Ex. 6.07, Fig. 4

Exercise 6.08

In the potential wells of Exercise 6.07 the motion is periodic but not necessarily simple
harmonic. The action variable I is defined by

1
| —Z;.fpdx

where p is the momentum, and the integration is over a single period of the motion (sce
Chapter IX, Lagrangian and Hamiltonian Mechanics, for further details).
(a) Show that the action variable is the area enclosed by the orbit in phase space divided

by 2x and is given by

1 ,(B)\/———
I-“J:(E) 2m(E - V(x)) dx,
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- 2y~ (eB/2¢))d
oW J' (@y/p?) - (eB/2¢))dp vo.

2mE - a? - ((ay/p) - (¢B/20)p)

W dp
B, = Ja = —azJ 2 +z,
z ;ZZmE- a2 - ((y/P) - (€B/2c)p)

ﬁB-l-t-———-m dp

9 ,[ 2mE-a? - ((a, /P) - (cB/ 20)9)2

To do the p-integration in the first of these equations, we let

__9_ i 2 g?._c_B_ 22 du=- o -Qd
u p+2cp’ u (p 2cp)+ ca,, u ;g— . P,

so the equation becomes

-du
S e

The integration is now simple, and we find the orbit equation

(u-)_l+2_p-1’2mE a; +25§a¢cos(¢ -By)-

This is the equation of a circle. To see this, we apply the cosine law to the triangle in Fig.
1 and find

R? = p? + pj - 2ppy cos(é - ¢o)
where (pg,$o) are the polar coordinates of the center of the circle and R is its radius.
This can be rearranged in the form
2 _n2
-R
&B—ﬂ’ = 2pg cos($ - o)

and has the same form as the orbit equation, with

¢B ’ cB cB
ay = E("% -Rz), 2mE - a? +2—a¢ - —po- and B4 = 9o
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Exercise 9.02

A particle of mass m moves in two dimensions (x,y) in a non-isotropic simple harmonic
oscillator well

V(x,y) = $mwix? + {moly?

where in general 0, = o,.
(a) Find the action variables (I,,I,), and express the energy in terms of these.

(b) Find the angle variables (¢,,9y), and express the cartesian coordinates in terms of the

action-angle variables.
(c) Write down the angle variables and the cartesian coordinates as functions of time.
(d) Sketch the trajectories of the particle in (x,y) space and in (¢, ) space.

Solution
(a) The Hamiltonian is

1 1
H= —[px + py]-o- > mu)zx2 +— 2 mmiy2

so the time-independent Hamilton-Jacobi equation is

2
(aW\ (_) LI 1 20 | -E
2m \ ax) PRt mey )

We try a solution of the form
WeaX(x)+Y(y).
The Hamilton-Jacobi equation becomes

=E.

! ( += mm 2x2| + += mu)2 2
y
2m 2m y

The first term on the left is a function only of x, the second term is a function only of y,
and their sum is the constant E. Both terms must equal a constant. We sct

2 2
—l—(ﬁ) + :lzmmzx2 -y, ?l—(d—Y) + 1mmiy2 -Q
m

2m\ dx dy) 2 y’

where a, and o, are scparation constants with a, +a, = E. Integration gives

y





index-203_1.png
Exercise 9.02 195

X = (y2ma, - m?w2x? dx, Y -f 2ma, - mzmgy2 dy,

so a complete integral to the Hamilton-Jacobi equation is

w -‘NZmux - m?w2x? dx +f 2ma, - m? u)yy dy.

The first half of the canonical transformation generated by W gives the momenta
conjugate to x and y,

-—-\IZma —mzmzxz, Py -—-,/Zma -m m

The action variables are then

1 1
I, = Py JZmax - mzuoix2 dx, Iy = Ef 2may -m (Dy)'z dy.

Each of these integrals is the same as that for a one-dimensional oscillator, so we find
I, =a,/0,, Iy =a,/w,.

We can tumn these around to express the separation constants in terms of the action
variables,

a, =w,l,, ay =l
The total energy is then
E = 0,1, +wl,.

The Jacobi complete integral becomes

-f\/2mw I, m2m2x2dx+f 2mw, Iy -m myy2 dy.

(b) The second half of the canonical transformation generated by W gives the angle
variables ¢, and ¢, conjugate to the action variables I, and I,

LA J dx o, =W _ J’ dy
*ToL ) el /me)-x2 Yoy el /me,)-y?

Integration proceeds as for a one-dimensional oscillator, and we find that the angle
variables ¢, and ¢, are the phase angles with
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In this problem ignore the effects of the gravitational fields of Earth and Veaus on the
spacecraft.

Solution

(a) The ma:umum radius of the transfer orbit ecl,uals the radius of Earth's orbit (1.00 AU),
and the minimum radius equals the radius of Venus' orbit (0.72 AU). The semi-major
axis of the transfer orbit is

am %(1.00 +0.72) = 0.86 AU.

(b) The period T of the transfer orbit is (see Exercise 1.04)
t=a¥ = (0.86)% = 0.80 year.
The time to go from Earth to Venus is half the period, 4(0.80) = 0.40 year.

(c) The energy of the spacecraft, per unit mass, at Earth orbit radius rg is given by
lvz GM GM

2 Ig 2a

where v is the speed of the spacecraft. On the right we have expressed the total
the spacecraft, per unit mass, in terms of the semi-major axis a of the transfer orbit.
equation gives

Ve GM(i - -l-) .
Ig &

Newton'’s second law shows that the speed vy of the Earth around the Sun is given by

v r 1
—| w2-LEa2-—
(VB) a 086

80 v/vg = 0.915. Hence the velocity "kick™ Av = v - vg needed to place the spacecraft
into the transfer orbit is given by Av/vg = -0.085. Since the speed of the Earth is
vg = 21t AU/year, this yields Av = -0.534 AU/year (= ~2.53km/s).
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1 1 1
[So.S:]~= [-ﬁ(pi +Py) + k(% +y2)—pepy + ka]

e N E A R

k

- H(%’Px[?xv"]* szy[py'y]"' 2xpy[x.py ]+ 2ypx[y,py1)

k
- E(-Zypx ~2xpy +2xpy + 2yp,)
=0,

[S0.S3]= [ﬁ(pi +py)+ %k(x2 +y*)0(xp, - ypx)]

" 3 (Pt w0y ]-[phom ]+ o< ymeJo 5750,
- %(prpy[px’x]- 2pxpy[py,y]) + %km(—ny[x, px]+ 2xy[y, py])
1

®
- Zﬁ(-szpy + 2pxpy) + Ekm(-ny +2xy)

=-0.

So (S;,S,.S3) are constants of the motion.
(b) We have
[51.5:] - [{;(pi -p)+ %(x’ - yz)ﬁpxpy + kxy]
- %([pi,xy]-[pg,xy]+[x2,pxpy]-[yz’PxPyD
- Z—kr;(zypx[px,x]- 2xp,[py.y ]+ 2xp,[x.p: ] - 2YPx[y’Py])
- 2%(-yp, + xpy)
=208, ,
[S2.8;]= [—:;pxpy + kxy,w(xpy ~ ypx)]
) %([pxpy”‘?:r]"[pxpy'yp*]) * k“’([xy”‘py]'[xy'yp"])
- %(pg[px ,X]— pi[py-YD + km{x2[y’pY]- yz[x'px ])

- 25t -55) sl )
- 208, ,
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Q142 r O_LZ I aLz r
Sk <0.37 0.37< Smk <042 042 < Sk
Ex. 1.02, Fig. 14(a) Ex. 1.02, Fig. 14(b) Ex. 1.02, Fig. 14(c)

Situations (1) and (2) in Fig. 14 give bound orbits as in Ex. 1.02, Fig. 2, and situations (3)
and (4) give scattering orbits as in Ex. 1.02, Fig. 6.

Exercise 1.03

The first U.S. satellite to go into orbit, Explorer I, which was launched on January 31,
1958, had a perigee of 360 km and an apogee of 2549 km above the earth's surface. Find:
(2) the semi-major axis,

(b) the eccentricity,

(c) the {x:nod,

of Explorer I 's orbit. The earth's equatorial radius is 6378 km and the acceleration due to

gravity at the earth's surface is g = 9.81m/sz.
Solution

The minimum and maximum radii of Explorer I's orbit are

a(l-¢)=360+6378=6738km and a(l+e¢)=2549 +6378 = 8927km.

The semi-major axis is thus a-§(6738+8927)-7833km and the eccentricity is

8927 - 6738 .\ .
« ————— = ().14. The period of the orbit is given b
c 2927 +.6138 period o it is given by
T= 2n a%
JGM

Rather than looking up the gravitational constant G and the mass M of the earth in a
handbook, it is simpler to observe that the gravitational ficld at the surface of the earth is

g = GM/R? = 9.81m/s?, and thus

2r

T -(6 Y (7.833 x 10%)% = 68955 = 1.92 hr.
R X (0. x

Tw=
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[S5,8.]- [w(xp, - yp,),ﬁ(pi -p) +§(x2 - yz)]

- —“L([xm.pi]*r[ypx,pi]) - l1«»([xp,,y2]+[yp,‘,xz])
2m (2pxpy[x px] + 2pxpy[)'»PyI) - —kw(2xy{py,y] + 2xy[px X ])

- Zszpy + 2kwxy
=2wS, .

So (2w)~!(S,,S,.S3) have the same Poisson bracket relations as the components of an
abstract "three-dimensional angular momentum.”

(c) Rather than approaching this part of the exercise head on, it is better to begin by
observing that

2m 2 2m 2
1 2 1 2) (1 2.1 z)
S; = —p? + ~kx?) - [ —p? + —ky?),
! (2me*‘2 2mpy+2 y
and thus
2 2 1 o 1, 2\z(1 2. 1, 2
-S -4(— Zkx )(—— +2k )
So-Si TmPr*3 TPyt kY
Also, note that
1 2 2
§3+83 = (—pxpy + kxy) +;(xpy - ¥ps)

1 k
;l'fpxpy + kzx y + ;(x2p§ + y2p3)
1

- (ot +e?)(gw ).

Comparing, we sce that

S§ -5 =83 +83,

S2 =S?+82+82
as required.
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Exercise 1.04

Mars travels on an approximately elliptical orbit around the Sun. Its minimum distance
from the Sun is about 1.38 AU and 1ts maximum distance is about 1.67 AU (1 AU =
mean distance from Earth to Sun). Find:

(a) the semi-major axis,

(b) the eccentricity,

(c) the period,

of Mars' orbit.

Solution
The semi-major axis of Mars' orbit is
a=4(1.38+167) = 1.53AU,

and the eccentricity is

1.67 -1.38

“LeT+1a8 " 009

The period is given by
2y

‘t-V—GMa

Rather than looking up the gravitational constant G and the mass M of the Sun, it is
simpler to observe that for Earth

25
1year = 1AUY,
vear - e (A0
and thus for Mars
%, in years = (a, in AU = (1.53)% = 1.88.
Exercise 1.05

The most economical method of traveling from one planet to another, the Hohmann
transfer, consists of moving along a (Sun~contnolled) clliptical path which is tangent to
the (a ximately) cu'cular orbits of the two planets. Consldcr a Hohmann transfer from

Earth (orbit radxus 1.00 AU) to Venus (orbit radius 0.72 AU). Find, in units of AU and

(a) the semi-major axis of the transfer orbit,
(b) the time required to go from Earth to Venus,
(c) the velocity "kick" needed to place a spacecraft in Earth orbit into the transfer orbit.
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Sy -f [%m(—wxo sinw(t' - ty) + vocosw(t’ - to))2
L

-%mmz(xo cosw(t' - tgy) + (Vo /w)sinw(t’ - to))z]dt’
- j: [(%mv% - %mmzx%)coshn(t' - tg) - MwXyVqsin2w(t’ - to)]dt'
- ({mvg - {mw?x} )(sm 20(t - tg)/200) - mwxgve((1 - cos2(t - tg))/2).
Substituting for v, we find Hamilton's principal function

. mwcosw(t - ty)
2sinw(t - ty)
~mwxy(x - xgcosw(t - t))sin w(t - to)

(x - xgcos(t - to))* - x3sin® w(t - to)]

Su

(b) We now wish to find the action for the simple harmonic oscillator along the constant
velocity path

x(t") = xq + vp(t' = tg), x(t') = vq,
between the end points (xg,t;) and (x,t). Here x, is the initial position and v is the
initial velocity. The latter must be chosen so that the path passes through the final end
point. This requires

vo =220
t-t

The action is then
S=- f [%mvg - imw?(xq + vo(t' - to))z]dt'
)

- %mv%(t' - to) - %(mwz/Vo)((XO + Vo(t - lo))a - Xg) .

Substituting for v, we find

Y
- m (x—Xo) --l-mmz(x2+xxo+x%)(t-to).
2 t-t, 6

Let us compare the actions along the actual path and along the constant velocity path for
those paths which start at x, = 0 at t; = 0. For these, the action along the actual path

(Hamilton's principal function) is
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2
S(actual path) = %(wt cotwt),
and the action along the constant velocity path is
2
S(constant v path) = —H;XT(I - }(wt)z).

The factors in brackets in these expressions are shown in Fig. 1, from which it is clear
that

S(actual path) < S(constant v path)

provided wt <. In particular, for small wt we can expand

wtcotwt = 1-4(wt)? - L (ot)* - <1- ().

(wt)cot(wt)
Ex. 8.03, Fig. 1

(c) To show that Sy(x,t;xq,tg) is the type 1 generating function of a canonical
transformation from present (time t) variables to initial (time t,) variables, we evaluate
its derivatives with respect to xand to xg, obtaining

oSy __ mo — )= xg) =
ox $inm(t_to)(xcosw(t to) xo) p

where p is the present momentum and

as mw
. et gy (0 S0O( = 10) = %) = P

where py is the initial momentum. These are as required.
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To solve this equation for E, we introduce auxiliary variables v and v, setting
E=imv}+mgz, and E=4mv?+mgz.

These equations here define the velocities vy and v. Together they imply that

viovi=2g(z-12g).

Further, the equation Sy /dE = 0 becomes
V=vo=-g(t-tp).

These last two equations give vg and v in terms of (z,t;2q,tg),
vo=22%0 100 t)) and v-f—-—zg-—%g(t—to).

t-ty 2 t-1tg

The energy is then

2

E= %(:—:al) +%mg(z+ Zg)+ %mgz(t - to)z.

and Hamilton's principal function becomes

m
Sy = ‘5,;("3 - va)-E(t-tg)

m@z-z) 1 UNRE I PR
2 to1g 2mg(z+z0)(t ty) umg (t-ty) .

This agrees with the result obtained in Exercise 8.01.
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Exercise 8.03*

(a) Obtain Hamilton's principal function Sy(x,t;xq,to) for the simple harmonic oscillator

by integrating the Lagrangian L = %miz -4}moo2x2 along the actual path between the
23'#((:)—%)[(1(2 + x%)cosu)(t -tg) - 2xxo] )

(b) Evaluate the action along the constant velocity path from (xg,tp) to (x,t), and
compare with the result of (a). In particular, show for those paths which start at
(xp = 0,ty = 0) that S(actual path) < S(constant v path) provided ot < .

(c) Show that Sy(x,t;xg,tg) is the type 1 generating function of a canonical
transformation from present variables (x,t) to initial variables (xq,tg).

end points. (Ans. Sy =

Solution

(a) Hamilton's principal function Sy (x,t;xq,to) for a simple harmonic oscillator is given
by

SH (X,t;Xo, to) "j:, L(X, X) dt’

where
L(x,x) = $mx? - L mw?x?
is the Lagrangian and

x(t') = xgcosw(t’' - tg) + (vo/w)sinw(t’ - tg)

x(t") = —wxgsinw(t' —ty) + vgcosw(t' - ty),
0 0 0

is the actual path. Here xg and v are the initial position and velocity. The latter must
be chosen so that the path passes through the final end point. This requires

X = Xg cosw(t - tQ)
Vo - - .
sinw(t - ty)

We have
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Ex. 1.02, Fig. 1

For E = E, the orbit radius is fixed at ry and the orbit is a circle. For E > Eg the radius

oscillates back and forth between turning radii r; and r, and the orbit looks qualitatively
like Fig. 2.

Ex. 1.02, Fig. 2

The motion of a particle in this potential is studied in detail in Exercise 1.14. It turns out
that the orbit is actually an ellipse with geometric center at the force center (Fig. 3).
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Since this last Poisson bracket is a constant, the higher order Poisson brackets give zero
and we have

Taking f = p we have

[p.H]= [p.-z% - Fx] - -Hp.x]-F.

Since this Poisson bracket is a constant, the higher order Poisson brackets give zero and
we have

p=po +Ft.

These are the well-known expressions for x(t) and p(t) for motion at constant
acceleration F/m.

(c) Consider a particle of mass m moving in one dimension in a simple harmonic
oscillator well. The Hamiltonian is

2
H= 2 + %mmzxz.

2m

Taking f = x we have

2
p- .1 22| 1 2] P p
[x.H]- "5;*2“‘“’ x ]'—m["'*’ J-E{xp]- 2,

[xH}H]- [— 2 lne x2] - %mz[p,xz]- 0?xp,x]= ~w?x,

m2m 2

[[xH}H]}H] = -0’[x,H]- -0? £,

m

and so forth. We thus find

x-xo(l-%m2t2+---)+-P-Q—(mt-%m3t3+ ) xocosmt+£9-smmt
! ! mw
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S tzot0) = [ [4m(v0 -8 - t0)f - me{zo +va(t'- to) - 4’ - 101 o
- (5““’(2) = mgzo)(t -tp) - mgvo(t - to)2 + %mgz(t - t0)3 .

Substituting for vy, we find Hamilton's principal function

2
- 1
SH(z,t;zo,to)-l‘l(z 29) --l-mg(z+z0)(t-to)--——mg2(t—t0)3.
2 t-tg 2 24

(b) To show that Sy(zt;zg.ty) is the type 1 generating function of a canonical
transformation from present (time t) variables to initial (time to) variables, we evaluate
its derivatives with respect to z and to z, obtaining

6SH zZ—~2 1
—wmm -—m t_t =MV e
3z —Qt_to 2 g(t-tg)=mve=p

where p is the present momentum and

aSy z-2z9 1 ¢
-— - —-tn) = — -—
520 m t=t, 2mg( 0) = —mVy = —pg

where py is the initial momentum. These are as required.

Exercise 8.02

(a) Obtain a Jacobi complete integral S;(z,t;E) = W;(z;E) - Et for a particle of mass m

which moves vertically in the uniform gravitational field g near the surface of the carth,
by integrating the time-independent Hamilton-Jacobi equation

1 (dW

2
—(—) +mgz=E.
2m\ dz

(b) Use your solution to obtain the general solution (z(t),p(t)) to the dynamical problem.
(c) Obtain Hamilton's principal function from your Jacobi complete integral by setting
Sy (z.t;:2g,ty) = S5(z,t,E) - S;(zg,to; E) and then eliminating E by using 8S;;/3E = 0.
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Taking f = p we have

p> 1 35] 1 o 2 2
[p.H]= Py~ + 5 MOX ]-5mw [p,x ]-mw xp.x]= -mw’x,
p,H],H] ~ -mw?*[x,H]= -0?p,
p,H].H],H]- —mz[p, H] - mo’x,
and so forth. We thus find

1 33 1 29 .
p-—mwxo(wt—aw t +) +p°(1-§m t +) = ~MWXg SiN Wt + po COSWE.

These are the well-known expressions for x(t) and p(t) for simple harmonic motion.

Exercise 6.12

The Hamiltonian for a simple harmonic oscillator is

2
He= 2 + %mw2x2.

2m

Introduce the complex quantities

a-@(uﬁ) and a°-\[m7'w(x-$).

(a) Express Hin terms of a and a°.
(b) Evaluate the Poisson brackets [a,a°], [a,H], and [a*,H].
(c) Write down and solve the equations of motion for a and a .

Solution
(a) We have

2
» mw{ 2 P
aa=——Ix"+—=—=|,
2 ( m“w )
so the Hamiltonian for a simple harmonic oscillator can be written

p2P 1 2, .
He —4+—mw’x° =ma a.

2m 2
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(b) The effective potential is

Vo= L2/2mr2-Vl for r<a
of L"’/2mr2 for r>a

For r—0 the term L?/2mr? dominates and Vegr +®. For r+o V-0 from
above. Further, V4 has a discontinuity of V,; at r = a. There are two possibilities for

V 1, depending on the magnitude of V,;. These are shown in Fig. 4. For V, > L?/2ma?

the effective potential goes negative (Fig. 4(a)) whereas for V, < Lz/ 2ma? the effective
potential is always positive (Fig. 4(b)).

V, > [2/2ma? V; <L?/2ma?
Ex. 1.02, Fig. 4(a) Ex. 1.02, Fig. 4(b)

For situation (1) or (2) in Fig. (4) the orbit radius oscillates back and forth between an
inner turning radius r and an outer turning radius r, = a. Although the orbits for (1)

and (2) are similar it is useful to distinguish them, (1) having negative and (2) having
positive energy relative to infinity. The orbit looks qualitativcl like Fig. 2. In fact, since
the force on the particle is zero for r < a, the orbit is com of straight line segments,

A
/

Ex. 1.02, Fig. §

For situation (3) in Fig. (4) the orbit radius decreases from infinity to a minimum radius
r3 > a and then increases back to infinity. The orbit looks qualitatively like Fig. 6.
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Solution

(a) The time-independent Hamilton-Jacobi equation gives

W;(zE)= f\/Zm(E mgz) dz--z—@(E-mgz)%,

3 mg
so a Jacobi complete integral is
S;(z,t;E) = —zﬂ(E - mgz)’i - Et.
3 mg

() S;(z,t;E) is the type 2 generating function of a canonical transformation from old

variables (z,p) to new variables (Bg,E) which are constant. Here Bg is the new

"coordinate” conjugate to thec new "momentum” E. The equations of the canonical
transformation read

Bp = %5 --—“(E mgz)® -t  and p-a—SL-\/2m(E-m82)-
JdE mg az

The first of these gives the coordinate z as a function of time,
E 1 2
zt-.__.__. t+ ’
® — 28( Be)

and the second then gives the momentum p as a function of time,
p(t) = -mg(t + Bg).

These equations, which contain the two independent constants fg and E, are the general
solution to the dynamical problem. The constant —fg is the time at which the mass
reaches its maximum height, and E/mg is the maximum height reached.

(c) Hamilton's principal function Sy for this system can be found from Jacobi's complete
integral S; by setting

Su(z,tizg,tp) = S;(z,t;E) - S5(z9,0:E)

- -Z@[(E - mgz)x -(E- mgzo)%]— E(t-tg)
3 mg

and then expressing E in terms of (z,t;2,,tg) by using the equation

aa‘; --—‘/Z—T'l[(s mgz)* - (E - mgzo>"] (t-to)=0.
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apy 9qy

[0 fv.w]]= £ é( (av ow v aw) du 9 (av w _ dv aw)]
' 2,..1 3qy p, \ 3q, 9P,  3p, 94, 3q, p, 9P, 94,

_ (vawavaz_azv_a_\i_avaz)
.,E,..lkaqb 9Py, 9P, 34, 9Py  OPydP, 30, 9P, 3Py3d,
au( v ow av dlw _ dv ew v d'w )\
3py \ 80,20, 3p, 34, 93P, 09,3P, 89, 3P, 30530, /)
Permuting u, v, and w cyclically, we obtain similar expressions for [v,[w,u]] and for
[w.[u,v]]. Adding these , we find that all terms on the right-hand side cancel and we thus
obtain the Jacobi identity

[w.fv.w])+[v.[w,u]}+[w.[u,v]]=0.

(b For commutator brackets we have

[u, + uz,v]- (uy +uy)v=v(u; +uy)
= (4v ~ vu;) + (u,v = vu,)

= [onv]+[uzv],

[cu,v] = (cu)v - v(cu)
= c(uv - vu)

=du,v],

[u,v] = UV - Vvu
= —(vu-uv)

= {v.u],

[u,vw] = u(vw) - (vw)u
= (uv - vu)w + v(uw - wu)

«[u,vlv+ vu,w].

To prove the Jacobi identity for commutators, note that

u,[v.w = u(vw - wv) - (vw - wv)u,
v,[w,u]]= v(wu - uw) = (wu - uw)v,
w,[u,v]|= w(uv - vu) - (uv - vu)w.

Adding these, we find that all terms on the right cancel and we obtain the Jacobi identity.
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N
V'(r') = Emir; -a

i=]

which acts like an additional potential. In the accelerating system there is thus an
additional effective force

F, =-VV'=-m;a

acting on the particles. This is as if there were a uniform gravitational field —a present in
the accelerating frame.
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Exercise 1.02
For each of the following central potentials V(r) sketch the effective potential

2
Vg (1) = ZI? +V(@),

and use your sketch to classify and draw qualitative pictures of the possible orbits.

(@ V() =4k 3D isotropic harmonic oscillator
®) V(r)=-V, for r<a square well
V(r)=0 for r>a

© V(@)= -;‘}
k

@ Vi=-7
c-ar

(O) V(@)= -kT Yukawa potenﬂal

Note that the qualitative shape of V4 (r) versus r may depend on L and on the various
parameters; consider all cases (but assume that the given parameters are positive).

Solution
(a) The effective potential is

2 1
Veﬁ'(l‘) - ;m;!'+5h2.

For r—0 the term L?/2mr? dominates and V.q — . For r— o the term {ki?
dominates and again V 4 — ®. The effective potential has a minimum at

2
i\iﬂ L +kr=0;

&r  mP
that is, at r=r, where ry=L2/mk. The minimum of the effective potential is
Vgt () = L,/k/m = B,. This effective potential is shown in Fig. 1.
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Exercise 6.11

Let f(q(t),p(t)) be some function of the canonical variables, and f, its value at time 0.

(a) Show, if the Hamiltonian H is time-independent, that the function f at time t is given
by

f = £ + t[fo, H] + (t3/2DM[f, H), H) + (3 /3D[0[f o, H}L HL H]+- -

(b) A particle of mass m moving in one dimension x is acted on by a constant force F.

The Hamiltonian is H = p2 /2m - Fx. Suppose that at time 0 the particle is at x4 with
momentum p,. Use the result of (a) to find the position x and momentum p at time t.
(c) A particle of mass m moving in one dimension x is in a simple harmonic oscillator

well. The Hamiltonian is H = p? /2m + mm2x2/2. Suppose that at time O the particle is
at xo with momentum py. Use the result of (a) to find the position x and momentum p at
time t.

Solution

(a) We expand f in a Taylor series,

df d%f
fufyg+t
ot (dt) 2'(dt ) ¥

The successive time derivatives of f are given by
2
%-[f HJ, d : [— ] -[[£.H}H),

so we have

2
f = £+ {fo.H]+ = fo. H}H -

as required.

(b) Consider a particle of mass m moving in one dimension and acted on by a constant
force F. The Hamiltonian is

2

H-P _Fx.
2m

Taking f = x we have
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Exercise 8.01*

(a) Obtain Hamilton's principal function Sy(z,t;zq,ty) for a particle of mass m which
moves vertically in the uniform gravitational field g near the surface of the earth, by

integrating the Lagrangian L = %mi2 - mgz along the actual path which joins the end

. m (z - zy)? (z+2p) 1 - 3
nts. (Ans. Sy = — - -— t-t

points. (Ans. Sy = - =L - mg=—0= - S mg"(t-10)°)

(b) Show that Sy(z,t;zy.ty) is the type 1 generating function of a canonical

transformation from present variables (z,p) to initial variables (zg,pg).

Solution

(a) Hamilton's principal function Sy(z,t;zq,ty) for a particle of mass m which moves
vertically in the uniform gravitational field g near the surface of the earth is given by

Sy (2. tiZgrto) = _‘fo L(z z)dt’

where
L(z,2) = %miz - mgz
is the Lagrangian and
2(t') = zg + Vo(t' = to) - 1 g(t' - t5)? 2(t') = v(t') = vo - g(t' - to)
is the actual path. Here z; and v, are the initial (time ty) position and velocity. The
latter must be chosen so that the path passes through the final end point, position z at time
t. This requires

Z-2g
t-to

1
- +—g(t=tg).
Vo 28( 0)

We have
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du 3v  du av dudk v dE av) & du
(o.v1= 2(aq.‘ap. ap.aq.) 22(6& 32, 9P, as.ap.aq.) Eae,[g"”’

aml aw]im]

the second equality following from the chain rule for partial derivatives. Thus

(a¢e?,r-p,p?),L-n] = ;;;[rzL n]+a(r-p) Lol

(c) We have

[A,L-n]=[a;r+a,p+asrxp,L-n]
= a,[r,L-n] +a,[p,L-n]+a,[rxp,L-n]
=anxr+anxp+asrx[p,L-n)+asr,L-n]xp
=anxr+a,nxp+az(rx(mxp)+(nxr)xp)
=aNXr+anxp+anx(rxp)
=nxA.

This result can be obtained much more easily by looking ahead to some results in Chapter
VI, Lagrangian and Hamiltonian Mechanics. The change A in a vector A under an
infinitesimal rotation 80 is
0A = 80xA.
On the other hand, this is a canonical transformation generated by L -0, so
O0A =[A,L-36].
Comparing these expressions, we find
[AL-00]=00x A
as required.
(d) We have
[A,L?]=[A,L% +12 +L%]
=2L,{A,L;]+2L,[A,L,]+2L,[A,L,]

=2L,( xA)+2Ly(ij)+2Lz(kxA)
=2L xA.
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so the generating function must have the form

N

F, - z(ri - %atz)-p{ +f(r,t)

1=]

where f is a function, as yet undetermined, of the inertial coordinates and the time. The
other half of the transformation equations then reads

oF of
LS B
pl a l pl ar

Now suppose that the dynamics of this system, in the inertial frame, is governed by a
Hamiltonian of the form

N lﬂli (NN
H= Zz;ni +5§J§Vii('i -T;).

1=}

The Hamiltonian, in the accelerated frame, is given by

K(r',p',t) = H(r,p) + a—;l

The first term in K is the inertial frame Hamiltonian, written in terms of the accelerating
frame variables,

We should really express the remaining r's in this in terms of the r''s, but shall leave this
for later. The second term in K is the partial time derivative of the generating function

{&\ - 8t+—
\ ot /oy ,};}"*

The Hamiltonian in the accelerating frame is thus
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12
Ver = -—=0;
A omr  rd
that is, at r2 -2mk,/L2. There is one extremum (a maximum) at

2
dVy L 4k

- e + - 0;
&r mr
that is, at r2 = 4mk/L2. The value of the effective potential at its extremum is

V e (max) = L‘/ 16m%k = b‘E2/4k where b is the impact parameter. The resulting
effective potential is shown in Fig. 11.

Veu

Ex. 1.02, Fig. 11

For E > V 4 (max) and thus b4 < 4k/E (situation (1)) the orbit is a capture orbit like Fig.
10. The capture cross Section i Ocypuy = b2, = 27/k/E. For E <V, g(max) and
initial orbit radius less than J4mk/ 12 (situation (2)) the orbit has an outer turning radius
but again no inner turning radius and the orbit spirals in to the force center. For

E <V 4(max) and initial radius greater than /4mk/L? (situation (3)) the orbit is a
scattering orbit like Fig. 6.

(¢) The effective potential is
L2 c-ar
v -—-k—
et (1) 2mr r

For r — 0 the term L?/2mr? dominates and Ve = ©. For r -+ o the term L?/2mr?
again dominates (the exponential causes the second term to decrease faster than any
negative power of 1, as r — © ) and V¢ — 0 from above.

To determine the shape of Vg in between, we first check whether or not there

arc any axis crossings (in view of the limiting behavior there must be zero or an even
number of them). These occur at radii for whic
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Exercise 6.14

Consider motion of a particle of mass m in an isotropic harmonic oscillator potential
Ve %krz and take the orbital plane to be the x-y plane. The Hamiltonian is then

1 1
H=S, = E(Pz + P,z,) + -2-k(X2 +y%).

Introduce the three quantities

1

1 1
—(pi-p§)+5k(x2-y2). Sy = —pspy +kxy, S3=0(xpy - ypy),

2m

with @ = \/k/m .

(a) Show that

Sl-

[Sg.S;1=0 i=123
so (S;,S,,S3) are constants of the motion.

(b) Show that
[81,82]-2(1)83, [82,83]-2(081, [S3,Sl]-2(1)82,

) (2m)"(S,,Sz.S3) have the same Poisson bracket relations as the components of a
"three-dimensional angular momentum.”

(c) Show that
S2=S2+52+82.

(The corresponding quantum relation has (Aw)? added to the right-hand side.)

Solution
(a) We have

1 1 1 1
[S0.8:] = [E(pi +p3)+ Exc(x2 + y’).;;(pi -p3) +5k(x2 - yz)]

-l el ) sl
-0,
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N N 2
. pi of 1 |of af
K=H{r',p')+ Y —+:|—-m.at| + —,l—{ +—.
( p) zmi (ari ! ) §2m, ari at

We choose f so as to eliminate the term linear in p;. This requires

of N
—=mat, so f= zmiri -at+g(t)

ari <

where g is a function of time, as yet undetermined. The Hamiltonian in the accelerating
frame becomes

N N
K=H(r,p)+ Y -m;aft> + Smyr a+ 8
, A 22 . 0. .., dg
-H(r,p’)+2mila|t +Em,r, a+—=

where in the second equality we have finally expressed the remaining r's in terms of the
r''s. We now choose g so as to eliminate the explicit ime dependence. This requires

d—g---im-lalzt2 SO g-—lim-lalzt3
dt =] ‘ , 31-1 l .

The full generating function of the transformation from an inertial frame to a uniformly
accelerating frame (with our choices) is then

N

N 1N
F, = z(ri - %atz)-p{ + Emiri -at "32"%“213-

1=] 1=] 1=]

The relation between the momenta in the two frames becomes

aFZ ’ '
Pi=-_-=Pi+mat, S0 Pp;=pi-my
1

where v = at is the velocity of the accelerated frame with respect to the inertial frame.
This is the connection between the momenta which we would expect. The Hamiltonian
in the accelerated frame becomes

N
K =H(r',p’)+ zmir; ‘a.

i=]

This has the same form as the Hamiltonian in the inertial frame, except for the additional
term
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al?/2mk = are ™,
The right-hand side of this equation, as a function of ar, is shown in Fig. 12
(ar)exp(-ar)
0.3679

1.0 ar
Ex. 1.02, Fig. 12

The peak in Fig. (12) is at ar = 1 and the height of the peak is 1/e = 0.3679. Thus, if the
dimensionless combination of parameters al?/2mk is greater than 0.3679, there are no

axis crossings (situation (a)), and if o.Lz/ka is less than 0.3679, there are two axis
crossings (situation (b)).

We next check whether or not there are any extrema. These occur at radii for
which

al?/2mk = (ar/2)X1+ ar)e™™.

The right-hand side of this equation, as a function of ar, is shown in Fig. 13.
(au/2)(1+ar)exp(-ar)

Ex. 1.02, Fig. 13

The peak in Fig. (13) is at ar = (1++/5)/2 = 1.618 and the height of the peak is 0.4200.
Thus, if aL’/ka is greater than 0.4200, there are no extrema (situation (a)), and if

al?/2mk is less than 0.4200, there are two extrema (situation (b)).
The possibilities for V4 are shown in Fig. 14.
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(b) The required Poisson brackets are
] mm[ ip .

x+—,x-— -—i,

[a,H]- aaa-w[ }a--m)a.

o] of ] ]

(c) The time rates of change of a and of a" are thus

%at- =[a,H]= ~iwa and d:t -[a',H]- iwa”.
These can be integrated to give
a=age™ and a" =age'™

where a, and ag are the initial values of aand a’.
This provides yet another way to obtain the general solution to the harmonic

oscillator problem,

X= \/—-f'(;(a + a') - \j;i;(aoe'“‘“ . a(‘)eiwx)’

p= -iw/—m(a - a') - -i%(aoc'i - aacim‘),
Exercise 6.13

(a) Evaluate the set of Poisson brackets for a component of the radius vector r = (x,y,z)
with a component of the angular momentum L = (L,,L,,L,). Also evaluate those for a
component of the linear momentum p = (py,py,p,) With a component of the angular
momentum. Show that the results can be put in the form

[r,L-nj=nxr [p,L-n]=nxp

where n is an arbitrary constant vector.
(b) Use the results of (a) to show that the Poisson bracket of a component of the angular

momentum with an arbitrary scalar function of r and p, of the form a(r?, r-p,pz) is
zZero.

(c) Use the results of (a) to show that the Poisson bracket of a component of the angular
momentum with an arbitrary vector function of r and p, of the form

A=ar+ap+asrxp,
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Ex. 1.02, Fig. 6

In fact, since in this case the particle never encounters a force, the orbit is a straight line

which passes by the potential region, Fig. 7.

Ex. 1.02, Fig. 7
For situation (4) in Fig. (4) the orbit radius decreases from infinity to a minimum radius

r3 <a and then increases back to infinity. The orbit again looks qualitatively like Fig. 6.
In fact, since in this case the particle encounters a force only at r=a the orbit is

composed of straight line segments, Fig. 8.

LN

Ex. 1.02, Fig. 8

(c) The effective potential is

2
V,ff(r) ol (2—%&- l) ;kr
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is given by
[A,L'n]=nxA.
(d) Show that the Poisson bracket of the square of the angular momentum

L? = L2 + L3 + L% with an arbitrary vector function A of r and p is given by

[A,[?]=2L xA.

Solution
(a) We have

(x,Lx]=[x,yp, -2py]=0, (y.Ly]I=[y,yp; -2pyl=~z, [z,.Ls]=[z,yp, - zpy] =Yy,
[x,Ly)=[x,zp, -xp,]=z, [y,Ly]l=[y,zp; -xp,]1=0, [z Ly]=[zzps-xp,]=-x,
[x,L;]=[x,xpy - ypy )= -y, [y,L 1=y, xpy - yps]=x, [z,L,]=[zxp, -yp,]=0.

Now let n=n,i+n,j+n,k be an arbitrary constant vector. The preceding equations can
then be written

[x,L-n]= n,2z-n,y= (nxr),,
[y.L-n)=n,x-n,z=(nxr),,
[z,L-n]= n,y-n,Xx=(nxr),.

These, in turn, can be summarized as
[r,L-n]=nxr.

The set of Poisson brackets for a component of p with a component of L can be found
similarly. It is, however, simpler to obtain these by interchanging r and p in the above
equations. There are two compensating sign changes, one in the definition of the Poisson
bracket and one in the definition of the angular momentum. We thus find

(pL-n]=nxp.

(b) To evaluate the Poisson bracket of an arbitrary function of r2, p2, and r-p with
L - n, we first consider the Poisson brackets of r2, p?, and r-p with L-n. We have

(r3,L-n]=[r-r,L-n)=2r-[r,L-n]=2r-nxr=0,
(p>,.L-n}=[p-p,L-n]=2p-[p,L-n]=2p-nxp=0,
[r-p,L-n]=r-[p,L-n]+p-(r,L-n]l=r-nxp+p-nxr=0.

We then need the Poisson bracket [u,v] where u is some function u(g;,E,;,:--) of
functions E;,E,, - of the canonical variables. For this we have
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The shape of V.4 depends on the magnitude of the dimensionless combination of
parameters, L2/2mk. For L?/2mk <1, Vg x-1/r* (Fig. 9(a)) whereas for
L22mk > 1, Vg < +1/1* (Fig. 9(b)).

Ex. 1.02, Fig. %(a) Ex. 1.02, Fig. 9(b)

For E>0 and L2/2mk<l (situation (1)) there is no inner turning radius and the particle
spirals in to the force center. The orbit is a capture orbit like Fig. 10.

Ex. 1.02, Fig. 10

Indeed, since L = bv2mE where b is the impact parameter, we can write the condition
for capture as b2 <k/E. This gives a capture cross section Ocapture = b2, = nk/E. For
E<0 and L2/2mk <1 (situation (2)) the orbit has an outer turning radius r, but no inner

turning radius and the orbit again spirals in to r=0. For E>0 and [?/2mk>1
(situation (3)), the orbit is a scattering orbit like Fig. 6.

(d) The effective potential is

> x
Vet S T

For r— 0 the term -k/r‘ dominates and Vg —* =, For r—+ ® the term I.z/Zmr2
dominates and V4 — 0 from above. There is one axis crossing at
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(c) For 1y =0.59AU and r =1.00AU the preceding equation gives t = 0.1047 year, so
the time, in the parabolic approximation, that Halley's comet spends within 1 AU of the
sun is 2t = 0.2094 year = 76.5days. Compare this with the actual time of 78 days (see
Exercise 1.06).

(d) We set r = 1.00 and adjust ry to give maximum time t. This occurs for

- i'—lz‘/_ l+2r2‘ - 0:
1 To l ro

that is, for ry = 1/2. The corresponding t is given by

V2 1 1 2
2= 2= (142 —),,1---—
“ 3(+ N "273

S0 t = (1/3w)year = 38.75days. The maximum time a comet on a parabolic orbit may
spend within 1 AU of the sun is thus 2t = 77.5days.

Exercise 1.11

A particle of mass m moves in a central force field F = -(k/rz)i.
(a) By integrating Newton's second law dp/dt = F, show that the momentum of the

particle is given by p=p, +(mk/ L)é. where pg is a constant vector and L is the

magnitude of the angular momentum.
(b) Hence show that the orbit in momentum space (the so-called hodograph) is a circle.
Where is the center and what is the radius of the circle?

(c) Show that the magnitude of p, is (mk/L)e, where ¢ is the eccentricity. Sketch the

orbit in momentum space for the various cases, e=0, 0 <e <1, e=1, ¢> 1, indicating
for the last two cases which part of the circle is relevant.

(See: Amold Sommerfeld, Mechanics, (Academic Press, New York, NY, 1952), trans.
Martin O. Stern, p. 33, 40, 242; Harold Abelson, Andrea diSessa, and Lee Rudolph,
"Velocity space and the geometry of planetary orbits,” Am. J. Phys. 43, 579-589 (1975).)

Solution

According to Newton's second law the momentum p of a particle moving in a central
force field —(k/r?)F changes at a rate

dp k. mk ..
—m~—pF=- -0r.
dt r  mre

In the second equality we have multiplied and divided by m6. The reason for this is that
we recognize
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L = mr29
as the magnitude of the angular momentum, and we also note that
do

— = -6F.
dt

The preceding equation becomes

-Since the angular momentum L of a particle moving in a central force field is constant,
we can integrate immediately to obtain

mk ~
-—0+
p L Po

where p, is a constant vector. To identify this vector, we take the 6-component of the
equation. Since the 8-component of p is L/r, and the 68-component of p, is pgcos6
where 0 is the angle between p, and 8, we find

L mk
— = — 4 ppcosB.
r L

This can be written

L2 poL
— =1+ ¢0s0,
mkr mk

which we recognize as the equation of a conic section with eccentricity ¢ = poL/mk.
The magnitude of py is thus

mk
Po L

We also recognize 0 as the angle from pericenter, so the direction of the vector pg is

perpendicular to a line from the force center to pericenter.
Another way to obtain the magnitude of py is to write

9 lp mkA? , 2mk m2%k?
Po= .
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(c) The complete integral W is the type 2 generating function of a canonical
transformation. Half of the transformation equations reads

W a W 12 W
-—-szﬁ-—, -2 o~ —2—_2mkcos®, pg =W L,
P 2 P58 Y " Sin‘e cos9, Pp=To=la

Since p, is the z-component of the angular momentum (see Lagrangian and Hamiltonian
Mechanics, page 158), this identifies the first separation constant L,. Further, since

p% + pg / sin2@ is the square of the total angular momentum, L2, the second separation
constant a is

a = L2 + 2mkcos®.
(d) The other half of the transformation equations reads

dE ;}2mE -afr?

o[ i
¢ a2 ;ZZmE-(x/r2 2 ;}a-L";/sinze-kacose’

W do -L
BL, =——= J (—)‘L ) +¢.
* dL, ;}Q-Lzz/sinze—kacose sin”@
The r-integration in the first of these is easily performed,

2

rdr 1
BEH-mJ = —V2mEf? - a,
:/2mEr2-a 2E

and the result can be rearranged to give

2 a
T T =
2mE

+ ?E(t +ﬁg)2.
m

The nature of the radial motion depends on the signs of E and a. If both are positive, the

particle comes in from infinity, reaches a minimum radius of \/a/2mE at t+Bg =0, and
goes out again to infinity. If E is positive but a negative, the particle, starting at t = ~o,

comes in from infinity and reaches the origin r=0 at t+fg = -lal/2E (or it starts at
the origin r =0 at t+Bg = +/lal/2E and goes out to infinity t = ). If both E and a are
negative, the particle is confined to the region r < w/a/ZmE. This maximum radius

occurs for t + B = 0, and the particle reaches r = 0 at t +Bg = +/l1al/2E.
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Exerdise 8.07

Use the Hamilton-Jacobi method to study the motion of a particle in a dipole field with
(non-central) potential

Ve kcc;se.
r

(a) Write down the time-independent Hamilton-Jacobi equation for W in spherical polar
coordinates.
(b) Show that this equation can be solved by the method of separation of variables, and

obtain an expression for W of the form W = W(r,0,¢;E,a;,a3). Your answer will also
involve certain integrals; you need not evaluate these at this stage.

(c) Interpret physically your scparation constants a,,a3 by obtaining p;,pg,py in terms
of r,6,$,E,a,,0;. Hence show that the z-component L, of the angular momentum of

the particle is constant, and further that L? + 2mkcos@ is constant, where L2 is the
square of the total angular momentum of the particle.

(d) By considering the equation

oW

3E " '*h
find how r varies with time.
Solution

(a) The Hamiltonian for a particle moving in a dipole field is, in spherical polar
coordinates,

1 I 5 1 2\  kcos8

H-—( + + 53 ) -
2m\Pr T 2P Y T 7P r

so the time-independent Hamilton-Jacobi equation is

L frawy? 1 awy’? (ﬂ)2\+kcose_E
2ml\ ax) T\ a0 rismi 3 J r '
(b) We try a solution of the form
W = R(r) + 6(8) + ®(¢).

The Hamilton-Jacobi equation becomes
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sl (5 3(5D) v irs(S) | 22

r“sin r
This can be rearranged in the form
2 2 2
smrtsintef - ()7, L (40)7 keoso ) __d0)"
2m\ dr 2mr“ \ d6 r do

The left-hand side is a function only of r and 6, and the right-hand side is a function only
of . Both sides must equal a (negative) constant. We set

. 1 (dR\? 1 /d8\? kcos® do\?
2mr?sin6 —(—) + (—) —E|=-12, (—) -12,
mr s (2m ar) T2mf\de) T 2 Q) *

The separation constant L, turns out to be the z-component of the angular momentum.
The rO-equation can be rearranged in the form

Zm,z(L(sdg)z-E)--((g) +_L§_+2mkcose)

2m sin

The left-hand side is a function only of r, and the right-hand side is a function only of 6.
Both sides must equal a constant. We set

2
2mr2(L(%) -E)--a, (i—g) +—§—+2mkcos6-a
sin

Note that the separation constant a is not necessarily positive. The variables are now
completely separated, and we can integrate to obtain

2
R-J’,lzms-%dr, G-J'\/a-_—l‘gs-kacosﬁdB, ®=L,0.
r sin

A complete integral to the Hamilton-Jacobi equation is thus

W= '[1/2m}3 7dr+‘[1,a-sm 5 -2mkcos8d6 + L,é.
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W= \/Zma, - mkx? dx +f\/2may - mky? dy +f\/2maz - mkz? dz

The canonical transformation generated by W gives

awW dx
By+t= =m
2ma, - mkx?

plus two similar equations for the y and z coordinates. The integration over x can be
performed by setting

X= Z—Elsincpx. dx = 1’2: cosd, do, .
¢x-\lz(t+5,), 50 x(t)-w/&sin‘jz(t+ﬁx).
m k m

Similarly, we find

y(t) = 1/zglsin\jz(wﬁy) and  z(t) = Jﬁsm\/’z(uﬁz).
k m k m

(b) The Hamiltonian for a three-dimensional isotropic harmonic oscillator is, in spherical
polar coordinates,

We find

1 1 1 1

H-—( + + )+ —kr2.
2m\Pr TPe rsmf)p¢ 2

The time-independent Hamilton-Jacobi equation is

L fpawyt agawyt 1 oW\ 1,
2ml\ar} Y2\ e +r§sin§6(a¢) J+2kr E

Separation of variables proceeds as in Lagrangian and Hamiltonian Mechanics (pages
157, 158), and we find a complete integral

2 2
W =+/2m I E-—2-kr2 —Ii-fdnj L’-,—Lg—dewz(p.

2mr sin“ @

The canonical transformation generated by W gives
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and the initial angular momentum is

Lo = mvpag = ,/mkao .

(a) A radial kick changes the energy of the satellite. Since the velocities vy and u are
perpendicular to one another, the final energy is

| )
E=E, +—mu“.
072

Expressing the initial and final energies in terms of the semi-major axes of the orbits, we
have

This can be rearranged to give the relation between the initial and final semi-major axes,

2
89 .1-L.

a 0

A radial kick does not change the angular momentum of the satellite, so

21
mk  mk’

Expressing this in terms of the semi-major axes and eccentricities of the orbits, we have
a(l- cz) =-a,.

Substituting the preceding expression for ay/a into this equation, we obtain the
eccentricity of the final orbit

C'l“VVo.
The equation for the final orbit is

3;)--1+coose

where 0 is the angle from pericenter. At the kick r = a, and, for u positive, is increasing.

The kick thus occurs at 6 = +5t/2. That is, pericenter is at ~x/2 from the point of firing
of the rocket.
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Bo+ta _ M dr
B dE 2 E lkr2 2
J "2 2mf?
LA dr (-—L)+ Lde
L™ 8L c L 2mr? 2 L2 '
"2 T 2mr ~ 0
W do -L
- —— + .
PL =L, 2 L (sinie) ¢
sin%e

The integration of the third of these equations is done in Lagrangian and Hamiltonian
Mechanics (pages 159, 160) with the result

sini sin@ sin(¢ - B ) = cosi cosO.

This says that the orbit lies in a plane through the origin. The 0-integration in the second

equation is also done in Lagrangian and Hamiltonian Mechanics (pages 161, 162), so
this equation becomes

§-p, =L dr
r? E-—;—krz—sz
mr

Here 8 is the angle, measured in the plane of the orbit, between the radius vector and a
reference direction. The r-integration here is done in Exercise 1.14 with the result

1 mE { kI? =
;i--'LT 1+ I-WCOSZ(B-BL)]‘

This says that the orbit is an ellipse with geometric center at the force center. The r-
integration in the first of the canonical transformation equations is also done in Exercise

1.14 with the result
E , kL2 Kk
R-;[l— 1—_700545(!"'38)]'

This says how the particle moves along the orbit in time.
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For lul—> vq the eccentricity e — 1 and the semi-major axis a = ® such that
a(l-e¢)—ay/2. The satellite is then thrown into a parabolic orbit. The energy put into

the system is -%mv%,sothcfinaltotalcncrgy is zero, as required.

(b) A tangential kick changes the energy of the satellite. The final energy is

E= %m(vo +u)? - L3 = Eq + mvgu +%mu2.

ag
Expressing the energies in terms of the semi-major axes, we have

k k 1 2
=0 " T 3g. T MVou+omut.

2a 2ag

This can be rearranged to give the relation between the initial and final semi-major axes,
ﬂ?. 1- 2__
7‘

A tangential kick also changes the angular momentum of the satellite. The final angular
momentum is

L = m(vg + u)ag = Lo(1+u/vp),

and thus

Expressing this in terms of the semi-major axes and eccentricities of the orbits, we have

a(1-e?) = ag(1+u/vo)’.

Substituting the preceding expression for ag/a into this equation, we obtain the
eccentricity of the final orbit
C= t(l)(Z + —‘-l-) .
Yo Vo
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The r-integration in the " B; -equation” can be performed by setting

1 +2mE dr 2mE
— = cosa, ;i--

sinada,
r

and gives B; =-a+¢. We thus find the equation of the trajectory

rcos(¢-Pr) -72—1;—11-[—3-.

This is the equation of a straight line in polar coordinates; see Fig. 1.

__LZ
\]2mE
(¢-Bp B
Ex. 8.05, Fig. 1

The r-integration in the " fg-equation” gives

m rdr m (2 _y2/, ¢
ﬁE-q.(-\/_-z—;Jm-J% r2-L2/2mE.

which can be rearranged as

2 2E
- YoE +F(t+ﬁ5)2.

This says that the particle moves along the trajectory at constant speed v = 42E/m. Itis

convenient to let b=L/v2mE denote the "impact parameter” or distance of closest
approach to the origin. The preceding equations of the trajectory can then be written

rcos(d-PBr)=b and r?=bZ+vi(t+Pg)3.
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Exercise 1.06

Halley's comet travels around the Sun on an approximately elliptical orbit of eccentricity

¢ = 0.967 and period 76 years. Find:

(a) the semi-major axis of the orbit (Ans. 17.9 AU),

(b) the distance of closest a h of Halley's comet to the Sun (Ans. 0.59 AU),

(c) the time per orbit that y's comet spends within 1 AU of the Sun (Ans. 78 days).

Solution

(a) The semi-major axis of the orbit of Halley's comet is given by Kepler's third law (see
Exercise 1.04), a = t% = (76)% = 17.9 AU.
(b) The minimum distance of Halley's comet to the Sun is a(1 -¢) = 0.59 AU.

(c) The instantaneous distance r of Halley's comet to the Sun and the eccentric anomaly ¢
are related by

1-l-c:oomp.
a

In particular, the eccentric anomaly corresponding to a distance of 1AU is given by

1
—_—=]-0. ,
79 0.967cosy

80 J = 0.218 radians. The corresponding time is then given by Kepler's equation
Y - esiny = (2x/x)t
which becomes
0.218 - 0.967sin0.218 = (25t/76)t,

s0 t=0.107 year = 39 day. The total time per orbit that Halley's comet spends within
1AU of the Sun is 2 x 39 = 78 days.

Exercise 1.07

Define a "season” as a time interval over which the true anomaly increases by nt/2. Find
the duration of the shortest season for earth. Take the eccentricity of earth's orbit to be
0.0167.

Solution

The true anomaly 6 for the earth, measured from perihelion, and the eccentric anomaly
Y are related by
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Exercise 8.06

Use the Hamilton-Jacobi method to find the general equations of motion for a three-
dimensional isotropic harmonic oscillator with potential

\Y --%k(x2 +y2 +22) - %kr2

(a) First use cartesian coordinates (x,y,z).
(b) Then do the problem again using spherical polar coordinates (r,6,¢).

Solution

(a) The Hamiltonian for a three-dimensional isotropic harmonic oscillator is, in cartesian
coordinates,

H-ﬁ( §+p§+p§)+%k(x2+y2+zz).

The time-independent Hamilton-Jacobi equation is

1 {raw\? [aw)® [aw)2) 1
L3 e

We try a solution of the form
W = X(x)+ Y(y) + Z(2).
The Hamilton-Jacobi equation becomes

2 2
() i | [ () L] -
2m\ dy 2 2m\ dz 2

2
._l—(d_x_) +lkx2 +
2m\ dx 2

The first term on the left is a function only of x, the second is a function only of y, and
the third is a function only of z. Since the sum of the three terms is a constant, each must
equal a constant. We set

2

2 2
I -
2m \ dx 2 2m\ dy 2 2m\dz 2

where a,, a,, and a, are scparation constants with a, +a, +a, = E. These give

y

X = (2ma, - mix?dx, Y= f,/zmay -mky’dy, Z= f\/Zmaz - mkz? dz,

so a complete integral to the time-independent Hamilton-Jacobi equation is
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2
(1-) l-ccosw-——l-‘=
a 1+ecos6

where ¢ = 0.0167 is the eccentricity of earth's orbit. This equation can be written

e +cosf

COSY = .
v 1+ecosO

For the shortest "scason” the true anomaly increases from -m/4 to w/4, and the eccentric
anomaly increases from -y to ¢ where

. 0.0167+cos(n{4) -0
COSY = {4 0.0167cos(gd) ~ O o

This yields ¢ = 0.7737 radians. Kepler's equation (with t in years),
27t = 4 ~esiny = 0.7737 - 0.0167sin 0.7737 = 0.7620,

then shows that t increases from =0.1213 to 0.1213, so the duration of the shortest
"season” is 2x0.1213 = 0.2425 year = 88.59 days. Compare this with "winter"

(= 89.00 days).

Exercise 1.08

A satellite of mass m moves in a circular orbit of radius ag around the carth.

(a) A rocket on the satellite fires a burst radially, and as a result the satellite acquires,
essentially instantaneously, a radial velocity u in addition to its angular velocity. Find the
semi-major axis, the eccentricity, and the orientation of the clliptical orbit into which the
satellite 1s thrown.

(b) Repeat (a), if instead the rocket fires a burst tangentially.

(c) In both cases find the velocity kick required to throw the satellite into a parabolic

orbit.
Solution

Newton's second law shows that

2
mvg _ k
0 8
so the initial speed of the satellite is vo = \fk/mag . The initial energy is

X .-
20

lovia- X
2

1
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(b) The complete integral W is the generating function of the canomcal transformation to
new variables which are cyclic. We have

B-ﬂ-x+—2—\/2m(E a?f2m- -mgy), px-ﬂv--a,

da ax

fp+te —= __\/2m(E a2/2m - mgy), -——- \/Zm(E a2/2m - mgy).

These equations give the general solution to the projectile problem,

x(t)=f + (a/Zm)(t +BE), px(V=a,
E-a*/2 1
y(t)-(——;—g/—i'i)—ig(wﬁe)z. Py(t) = —mg(t +Pg).

We can also identify the three time-independent constants of the motion

@ =py, mgP=mgx+p,p,/m, and E-(p§+p§)/2m+mgy,

associated with this system.

Exercise 8.05

The motion of a free particle on a plane can be described by the Hamiltonian
1 2 P
He-— +
2m Lp, r }

where p, and p, are the momenta conjugate to the plane polar coordinates r and ¢.

(a) Set up and find a complete integral W to the time-independent Hamilton-Jacobi
equation.

(b) Use your solution to obtain r and ¢ as functions of t.

Solution
(a) The time-independent Hamilton-Jacobi equation is

1 {[1aw)?
T‘Z_n;k EY, +_f

We try a solution of the form

W = R(r) + ®(9).
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These yield, to order ¢2,
¢=wt+esinwt+. and 0=¢+esing+Ee?sin2¢+--,
so for the "ancient picture” of planetary orbits we have

0 = wt + 2esinwt + e2 sin2wt+--.

On the other hand, for a Keplerian orbit we have (Lagrangian and Hamiltonian
Mechanics, page 18)

6-2csin® + $¢?sin26+-+-= wt.
Inversion gives
8 = wt + 2esinwt + $esin20t+--+,

which agrees with the "ancient picture” to ordere.

Exercise 1.10
(a) Show that

E9---14»(:0:;9

r

(the standard form for a conic section, on setting the eccentricity ¢ = 1 and the semi-latus-
rectum p = 2r,) is the equation of a parabola, by translating it into cartesian coordinates
with the origin at the focus and the x-axis through pericenter.
(b) A comet travels around the Sun on a parabolic orbit. Show that the distance r of the
comet from the Sun is related to the time t from perihelion by

g(r + 2r°),/r -rg =2nt

where distances are measured in AU and time is measured in years.

(c) If one approximates the orbit of Halley's comet ncar the Sun by a parabola with
ro = 0.59 AU, what does this give for the time Halley's comet spends within 1 AU of the
Sun?

g:g glh%t is the maximum time a comet on a parabolic orbit may spend within 1 AU of
un
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The Hamilton-Jacobi equation becomes

( %\
(@) H (%) )=
This can be rearranged in the form

2 2
2mr? L(B) “E|=- Q) ,
2m\ dr d¢
The left-hand side is a function only of r and the right-hand side is a function only of ¢.

Both sides must equal a (negative) constant -L2. The constant L turns out to be the
angular momentum. We have

2
1 (dR\? 12 dod 2
2m(dr) 2mr? o (d¢)
These yield

Ra[y2mE-1*/r?dr and & =Lé,

so a complete integral to the time-independent Hamilton-Jacobi equation is

W= f‘\/ZmE -1*/r? dr+ L.

It is a function of r and ¢ and contains the two non-additive constants E and L.

(b) The Jacobi complete integral W(r,¢;E,L) is the generating function of a canonical
transformation to new canonical variables, where the new momenta are E and L and the
new coordinates are cyclic. The equations of the canonical transformation read

p,-ﬂ-\IZmE—Lz/rz, p¢-ﬂ-L

ar ¢
B +tm _aE - mdr ﬁ - .a_w_ - -L dl' +
BT T6E ) ame-2/2 " oL | \2mE-12/* 10
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Solution
(a) The equation for the orbit,

2—:9--14-0036.

can be transformed into cartesian coordinates (x,y) by multiplying it through by r and

setting r = x2~r-y2 and rcos® = x. We obtain

2rg-x=yx2 +y2.
Squaring and simplifying this, we then find

y2

X®flg———
4]’0

which is indeed the equation of a parabola in cartesian coordinates.
(b) To find out how r depends on time, we turn to the energy equation

1 ., L2 «k
- ——5-—=E
2mr +2mr r

and set E = 0 and L? = 2mkr, to obtain

Fmit+ Sp-X-0.

r

Multiplying by r?, rearranging, and integrating then gives

4
2k T rdr r 2
—t= - ,/r—r + dre=—(r+2r ),/r-r .
m j,o ;;r-ro LO[ 0 ;zr-rol 3 0 0

Since /k/m = /GM = 2t AU¥ /year, this becomes

2t = —?(r + 2r0)1/r- To

with distances now in AU and time in years.
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For O<ufvo<v2-1 or for -v2-l<ufvg<-2, e=(u/voX2+u/v,) and
a(l -e) = agy. The equation for the final orbit is then

39%"—9-1+ccose.

At the kick r=ay and thus 6 = 0. That is, pericenter is at the point of firing of the
rocket. For -2 <u/vy <0, ¢=-(u/voX2 +u/vy) and a(l+e¢)=a,. The equation for
the final orbit is then

E(—lrl-c—)--lq-ccose.

At the kick r=a, and thus 6 = x. That is, apocenter is at the point of firing of the
rocket.
For u/vy — 42 -1 (the final velocity is then v, +u = £4/2 v) the eccentricity

¢ — 1 and the semi-major axis a — . The satellite is then thrown into a parabolic orbit.
The energy put into the system is %m(t«/fvo)z -%mvg -%mv%, so the final total
energy is zero, as required.

It is also of interest to consider the case u/vq = -1 (for which the velocity of the
satellite immediately after rocket firing is zero). We then have a=a,/2 and ¢ =1, and

the ellipse degenerates into a straight line, the satellite falling straight in towards the
center of the earth.

Exercise 1.09

Show that the following ancient picture of planetary motion (in heliocentric terms) is in
accord with Kepler's picture, if the eccentricity ¢ is small and terms of order ¢2 and higher
are ne :

(a) the ecarth moves around the sun in a circular orbit of radius a; however, the sun is not
at the center of this circle, but is displaced from the center by a distance ea;

(b) the carth does not move uniformly around the circle; however, a radius vector from a
point which is on a line from the sun to the center, the same distance from and on the
opposite side of the center as the sun, to the earth does rotate uniformly.
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Exercise 8.04*
The motion of a projectile near the surface of the earth is governed by the Hamiltonian

H -Elg(pi +p})+ mey

where x denotes the horizontal coordinate and y the vertical, and p, and p, are their

conjugate momenta.

(a) Set up and find a complete integral W to the time-independent Hamilton-Jacobi
equation.

(b) Use your solution to obtain x and y as functions of t.

Solution

(a) The time-independent Hamilton-Jacobi equation is

1 frawy? (awy?)
ZmL\ax) +(ay) J+mgy E
We try a solution of the form
W = X(x) + Y(y).

The Hamilton-Jacobi equation becomes
1 (dX\? 1(@{)2
—(—) +—[—| +mgy=E,
2m\ dx 2m\ dy

The first term on the left is a function only of x and the remaining terms are functions
only of y. The variables are completely separated, and we can set

1 (dX\? a? 1 (dY) a?
CE R
2m\ dx 2m’ 2m\ dy 2m

where a is a separation constant. These equations give

X(x) = ax, Y(y) = Hzm(E a?/2m - mgy) dy = -Zi—z—s(s a?/2m - mgy)#,

so a complete integral to the time-independent Hamilton-Jacobi equation is

W(x,y;a,E) = ax—%-ﬂ(ﬁ a2/2m-mgy)x.

mg
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Solution
(a)
Earth
ar
4 8
Center Sun
Ex. 1.09, Fig. 1

For an off-center circular orbit (Fig. 1) we have
a2 = r? +¢2a? + 2¢arcosO,

as follows from the trigonometric cosine law. This yields

T ay1-¢%5in%6 - ecosd = l-ccose-éczsinze-r---.

a

On the other hand, for an elliptic orbit we have (Lagrangian and Hamiltonian Mechanics,
pages 12 and 13)

2

! -l-—c— = 1-¢cos0 - e2sin? 0+---.
a l+ecosO
The two expansions agree to order e.
(b
Earth
ar
wt d 0
ca ea
Center Sun
Ex. 1.09, Fig. 2

Applying the trigonometric sine law to the two smaller triangles in Fig. 2, we have

sin(¢ - wt) = esinwt and sin(6 - ¢) = esinO.
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In the second equality we have used the fact that the 6-component of p is L/r. The first

two terms on the right are 2mE where E is the total energy. The equation thus becomes
m%k? ,
Po = —Li_c

2
where e = /1 + %5- is the eccentricity expressed in terms of the energy and the angular

momentum. This then returns us to our previous expression for pyg.
We now note that

mk
lP'Po|"'L—-

This is the equation of a circle, in momentum space, with center at po and with radius
mk/L. Since py = (mk/L)e, the circle has its center at the origin for circular (¢ = 0)

orbits (Fig. 1(a)), encloses the origin for elliptic (0 <e <1) orbits (Fig. 1(b)), passes
through the origin for parabolic (e = 1) orbits (Fig. 1(c)), and excludes the origin for

hyperbolic (¢ > 1) orbits (Fig. 1(d)).

elelEle

O<e<l

Ex. .11, Fig. 1(&)  Ex. 1.11,Fig. 1(b)  Ex.1.11,Fig. 1(c)  Ex. .11, Fig. 1(d)

For hyperbolic orbits we must also have, for an attractive force,

p? = 2mE - (2K (e2 1),

This has the geometric significance shown in Fig. 2: points A and C, for which the
cquality holds, are the ends of tangent lines from the origin O to the circle; they
corrcspond to those points on the orbit in real space at which r — o, At point B the

magnitude of the momentum is maximum; it corresponds to pericenter. Only the sector
ABC of the circle in momentum space is relevant, for an attractive force.
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Solution
(a) (i) The Poisson bracket of the new variables with respect to the old is

[Q'P]q'p J9QF QPR _ o 6xcosd- (-Lsine)(mmsine) -1,

dq dp dp dq mw

Since it equals 1, the transformation from (q,p) to (Q,P) is canonical.
(ii) Suppose that we regard this as a type 1 transformation, taking the coordinates
q and Q as the independent variables. The momenta p and P are then given by

p-mw(qcote-,&), P-mm(_L—Qcote).
sin® sin@
Now consider the differential form
pdq~-PdQ = mm(qcote - &)dq - mw(—,i- - QcotO)dQ
sin® sin®

- d(%mm(q2 + Q2)cot6 - mow ﬂ) .

sin @

Since it is an exact differential, this again shows that the transformation is canonical. The
type 1 generating function is

Fi(6,Q) = 2 mo(g® + Q*)cot6 - moI%.

sin@

(b) The type 2 generating function F,(q,P) can be obtained by setting

F2 - Fl + PQ
- lmm(q2 + Q2)cot9 - mm(,l—Q + mco(,i - QcotG)Q
2 sin@ sin®
- -;—mm(q2 - Q2)c0t6 .

We must still express this in terms of the appropriate type 2 variables, q and P, by setting

Q-L_ng.
cos6 mo

This gives
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Exercise 1.16

(a) Find the relation between the scattering angle © and the impact parameter b for

scattering from a hard sphere of radius a (for which "angle of incidence = angle of
reflection”).

(b) Use your result to obtain the differential scattering cross section do/dQ. Integrate to

find the total scattering cross section O = f (do/dQ)df?, where the integration extends
over the whole solid angle.

Solution
(a)

Ex. 1.16, Fig. 1

From Fig. 1 the impact parameter is b = asin6,, and the scattering angle is © = xt - 20,,.
Eliminating 6,, we find the relation between the impact parameter and the scattering
angle

b = acos(6/2).
(b) The differential scattering cross section for hard sphere scattering is then

do __b |db] acos(8/2)a. © a®

dQ sinB|d6 sin® 2 2 4

Note that it is independent of the scattering angle. The total scattering cross section is

J——dﬂ -—4n na?

and, as might be expected, equals the cross-sectional area of the sphere.
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2
Fz(q,P)-lmw qz—(J—--—P—tanO) cot®
2 cos6 mw

To check this expression, we evaluate its derivatives

dF P { OF2\ q P
2| =——-moqtanf=p, F2) o 2 __ " 4ne-Q.
(N)p cost P \aP/), cos® mow Q
These are as required.
Exercise 7.05

Suppose that the (q,p) of Exercise 7.04 are canonical variables for a simple harmonic
oscillator with Hamiltonian

2
He P 4 -l-mwzqz.
2m 2

(a) Find the Hamiltonian K(Q,P,t) for the new canonical variables (Q,P), assuming that

the parameter 8 is some function of time. Show that we can choose 6(t) so that K = 0.
(b) With this choice of 6(t) solve the new canonical equations to find (Q,P) as functions

of time, and then use the transformation equations to find the original variables (q,p) as
functions of time.

Solution

(a) We introduce new canonical variables (Q,P) by setting, as in Exercise 7.04,

q "'Q0089+—P—sin6, p = -mwQsinB + PcosO.
mw

The Hamiltonian K(Q,P,t) for the new canonical variables is given by

- (9F2)
K(Q,P,t) H(q.p)+\ > /q'P

where
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Since it is an exact differential, this again shows that the transformation is canonical. The
type 1 generating function is

F1(q,Q = -qQ-4AQ%.

(b) Suppose, instead, that we regard this as a type 2 transformation, taking the old
coordinate q and the new momentum P as the independent variables. We can find the
type 2 generating function from the type 1 generating function by setting

%
F(q.,P) = F; + PQ = -qQ -} AQ® + (g + AQ})Q - %AQ3-—A(PAq)

To check that the final expression is indeed the type 2 generating function, we evaluate
its derivatives,

(a_Fl) --Tp -q)*=p and {aF VE-P—q)”-Q-

These are as required.

Exercise 7.03
The Hamiltonian for a particle moving vertically in a uniform gravitational field g is
2

H-L+mgq.
2m

(a) Find the new Hamiltonian for new canonical variables Q, P as given in Exercise 7.02.
Show that we can climinate Q from the Hamiltonian (make Q cyclic) by choosing the
constant A appropriately.

(b) With this choice of A write down and solve Hamilton's equations for the new
canonical variables, and then use the transformation equations to find the original
variables g, p as functions of time.

Solution

(a) We introduce new canonical variables Q and P by setting, as in Exercise 7.02,

q=P-AQ?, p=-Q.

The Hamiltonian for the new canonical variables is

(-Q)? 2 1 2
K(QP) = HQ(Q.P),p(Q.P) = -~ —+ mg(P - AQ") = mgP + (E - mgA)Q :
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If we take

1
2m?g’

A
we can simplify this to

K = mgP.
(b) Hamilton's equations for the new canonical variables (Q,P) are then

dQ dK dP 0K

—-——-mg' —-———--0'

dt aQ

with solution
Q=Qp +mgt, P=P,.

Here Qg and P, are constants, the initial values of the new variables. The equations of
the canonical transformation then give the original variables as functions of time,

-p, - 2 _(p Q0 )_Q, 1.
q(t) = Py m(Qo*’mgt) (Po 5;%;) mt 28t’ p(t) = -Qop — mgt.

This is the well-known solution to the free fall problem. We see that -Q, is the initial
momentum and P, is the maximum height reached.

Exercise 7.04
(a) Show that

Q- cosG-—LsinO. P = mwqsin® + pcosH,
d mo

is a canonical transformation,
(1) by evaluating [Q,P] ;
(ii) by expressing pdq - PdQ as an exact differential dF,(q,Q,t). Hence find the
type 1 generating function of the transformation. To do this, you must first use
the transformation equations to express p, P in terms of q, Q.
(b) Use the relation F, = F; + PQ to find the type 2 generating function F,(q,P), and
check your result by showing that F, indeed generates the transformation.
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Exercise 7.01

The motion of a particle of mass m undergoing constant acceleration a in one dimension
is described by

x-xo+%19-t+%at2. P = po + mat.

Show that the transformation from present "old" variables (x,p) to initial "new" variables
(xq.Po) is a canonical transformation

(a) by Poisson bracket test

(b) by finding (for t = 0) the type 1 generating function F,(x,xq,t).

Solution

(a) The initial "new" variables (xq,pg) are given in terms of the present "old" variables
(x,p) by the inverse transformation

Xo -x—£t+lat2, Po -p-mat.
m 2

The Poisson bracket of the initial variables with respect to the present variables is then

dxq dpg 9xq 9p t
, - 9% 9pg _9%g dpo _, 1_(__) 0=1.
[ p°LP ax ap dp ox m

Since it equals 1, the transformation from (x,p) to (xq,pg) is canonical.

(b) In a type 1 transformation the coordinates x and x, arc taken as the independent
variables; the momenta p and p, are expressed in terms of these,

X=%0 o 1 nat po = m2—20 . mat
t 2 0 t 2

p=m

Now consider the differential form
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Since it is an exact differential, this again shows that the transformation is canonical.
This approach also gives the type 1 generating function,

- 2
Fy(X,Xo,t) = &2:9)—+-21-mat(x + %)+ £(1)

where f(t) is an arbitrary function of time.

Exercise 7.02
(a) Show that

Q"‘P, P-q+Ap2.

(where A is any constant) is a canonical transformation,

(1) by evaluating [Q,P] ;

(ii) by expressing pdq - PdQ as an exact differential dF(q,Q). Hence find the
type 1 generating function of the transformation. To do this, you must first use the
transformation equations to express p, P in terms of q, Q.

(b) Use the relation F, = F; + PQ to find the type 2 generating function F,(q,P), and

check your result by showing that F, indeed generates the transformation.

Solution
(a) (1) The Poisson bracket of the new variables with respect to the old is

[QPl, - %3-%% - %g%g = 0 x (2Ap) - (=1)(1) = 1.

Since it equals 1, the transformation is canonical.
(ii) Suppose that we regard this as a type 1 transformation, taking the coordinates
q and Q as the independent variables. The momenta p and P are then given by

p=-Q, P-q+AQ2.

Now consider the differential form

pdq - PdQ - (-Q)dg - (g + AQ*)dQ - d(-qQ - }AQ?).
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(b) K, and K, are the x- and y-components of the three-dimensional Laplace-Runge-
Lenz vector,

K=pxL -mkr/r,

and L is the z-component of the three-dimensional angular momentum vector L =r x p.
Exercise 6.13 shows that for any vector K,

[K,.L-n]=nxK.

Setting n = k and taking the x- and y- components of the resulting equation, we obtain
the Poisson brackets of K, and K, withL,

[K,.L]=(kxK), =-K,,  [K,L]-(kxK), =K,
The Poisson bracket of K, and K, with each other is given by
[X..K,]- [pyL -mkZ,-p,L - mk%]
- {p,L.piL]- mk[p,L,Z] + mk[i,p,L]
mk
- -p,L{L.p,]- pxl{py.L] = (py[L.y]- palx.L])- ([py,l] [ ])

Exercise 6.13 then shows that

[K,.K ]_ PyL p@-;-%(p X - pxy)+ka( d (Y) i(_’ﬁ))

day\r/ ox\r
2
(p,+p,)L+ﬂk;L+ka(f X :;y )
2
--2m/px+ y-K\L--2mHL
( 2m r}

For bound states H = -|E| where E is the energy and we can write the preceding results
in the form
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K2 = |pxLf - 2mk/r)r-p x L + m2k?
= p*L? - (2mk/r)L? + m2k?
= 2mL2E + m?k?
where E = p2 /2m - k/r is the total energy. So the energy, expressed in terms of K and
L,is

E-=- E—’;I{(K2 - m’k’).

Exercise 1.13
Consider the motion of a particle of mass m in a central force field with potential

k h
Va-c—t—.
r r

(a) Show that the equation for the orbit can be put in the form

a(l-¢?)
r

=]1+ecosaf,

and find a, ¢, and a in terms of the energy E and angular momentum L of the particle,

and the parameters k and h of the potential.
(b) Show that this represents a precessing ellipse, and derive an expression for the

average rate of precession in terms of the dimensionless quantity v = h/ka.
(c) The perihelion of Mercury precesses at the rate of 40” of arc per century, after all

known planetary perturbations are taken into account. What value of 1 would lead to this
result? The eccentricity of Mercury's orbit is 0.206 and its period is 0.24 years.

Solution
(a) The orbit equation is given by

r

r
8 dr o dr
2 2mE _1 2mV(r) » [2mE a? 2mk .
To L2 r2 L2 o T —LT - —1‘7— + —I??

where a? = 1+2mh/ L2. To do the r-integration, we first set u=1/r, du = -dr/r2 to
give
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K
These say that the set of three quantities (7&:211(11@! ’TL:Z = ,L) have the same Poisson
m

bracket relations with one another as the components of an abstract "three-dimensional
angular momentum.”

(c) Now consider

2 2 x 2 y 2
Ky +K§ ={p,L-mk +| -psL -~ mk=
r r

2mk x2 +y?
-(p§ + pi)L2 - Xpy - ypx)L+ m2k? —T Y
2, .2
+
-2m/—pr P -E\ L2 + m2k?
l 2m r}
=2mHI? + m?k? .

If we restrict ourselves to bound states, for which H = ~|E| where E is the energy, we can
rewrite this in the form

(_ Ky \2 K i 2-_m_k_i
\V2mIEl/ +( 2mIEI) e

This says that the square of the length of the abstract "three-dimensional angular
momentum"” is mk?/2|El.

In quantum mechanics the set of three quantities ( o El VoealE ,L) , defined
m m

in an appropriately symmetrized way, have the same Poisson bracket relations with one
another as in classical mechanics, so they are again like the components of "three-
dimensional angular momentum.” The square of the length of this "three-dimensional
angular momentum” in quantum mechanics is

(K V(K o, o omd »
\VZmiEl/ +(\_/2mIEI) Vel T

(Note the "extra” term -h2/4). Angular momentum theory shows that the eigenvalues of
this quantity are A(A +1)h% where A = 0,4,1,3, -, so the eigenvalues of the energy of a
two-dimensional hydrogen atom are

E--mk2 4 __mk2 4 where n=0,1,2,.-
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u

e__J du 1 du

2mE 2mk 2.2 a 2,2 272 2’
wy Tz + T u-als o mk( 2aLE)_( mk)
We then set

u-—i—fmk mk 1+2a2L2E COSA du=- mk 1+202L2E sinAdA
o2 a2 mk> ’ alL? mk> '

Integration gives 6 = A/a, which leads to the orbit equation

1 mk 2a212E
U= ——s 1+4/1+ 3 cosaf|.
r a‘l mk
This has the form
a(l—cz)

=1 +ecosaf
r

272 ’ 272
. 2, a‘L 2a“L°E k
with a(l-¢“) = , €mqll+ 3 ,andthusa--—zE.

(b) Pericenter occurs at cosaB = 1; that is, at 8 = 0,2nt/a,4n/a,:--. The precession of
pericenter per period is thus 2n(1/a - 1), and the average rate of precession is

Ram-ﬁ(l-l).
T \a
We have seen that
2
a2_1+2n;h_1+ 2ha =
L ka(l -e“)
SO
L 1_%“
a l-e

where n = h/ka is a dimensionless measure of the strength of the l/r2 term in the
potential. The rate of precession becomes
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In quantum mechanics the set of three quantities (2w)*(S;,S,,5;) have the same

Poisson bracket relations with one another as in classical mechanics, so they are again
like the components of "three-dimensional angular momentum.”™ The square of the length
of this "three-dimensional angular momentum” in quantum mechanics is

(- (-

20 20 20 20/ 4

where E is the energy of a two-dimensional harmonic oscillator with angular frequency
® (note the "extra” term —h2/4 ). Angular momentum theory shows that the eigenvalues

of this quantity are A(A + 1)A? where A = 0,4,1,3, -+, so the eigenvalues of the energy of
a two-dimensional harmonic oscillator are

E, =20@A+1)=Rw(n+1) where n=0,L2,..

Exercise 6.15

Consider motion of a particle of mass m in a gravitational potential V = —k/r and take
the orbital plane to be the x-y plane. The Hamiltonian is then

1 2 2. k
H-};(px "’Py)-;
where now r = \’xz +y2. The angular momentum vector points in the z-direction and
has (z-) component
L= XPy = YPx»

and the Laplace-Runge-Lenz vector (see Exercise 1.12) lies in the x-y plane and has
components

Ky =pyL-mkx/r, Ky =-p,L-mky/r.
(a) Show that
(L,H}=0, [K,H]=0, I[K,H]=0,
so L, K,, and K, are constants of the motion.
(b) Show that
[K,,L]=-K,, [Ky,L]=K,, [K;K]=-(2mH)L
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B

Ex. 1.11, Fig. 2

Exercise 1.12

Consider the motion of a particle in a central force field with potential V = -k/r. Since
the force is central, the angular momentum L = r x p is constant and the orbit lies in a
plane passing through the force center and perpendicular to L.

(a) Show that for the particular potential V = -k/r there exists an additional vector
quantity which is constant, the Laplace-Runge-Lenz vector

K = pxL - mkr.

Further show that K-L = 0, so that K and L are perpendicular and thus K lies in the
orbital plane. (Hint: if you've done Exercise 1.11, you need only show that K = p, x L).

(b) By taking the dot product of K with T obtain the equation of the orbit

a(l -e?)
r

=]+ecosf.

Hence find a and ¢ in terms of K and L, and also find the direction that K points in the
orbital plane.

2
(c) Express the energy E--;—-% in terms of K and L.

m
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(see Exercise 6.13 for some useful Poisson brackets). Now restrict yourself to bound

K
states of energy H = -|El and show that (VE%ET’ S ,L) have the same Poisson

bracket relations as the components of a "three-dimensional angular momentum.”
(c) Show that the square of the length of this "three-dimensional angular momentum” is

2 2
% (The corresponding quantum relation is r;_lll(?,-l - i—hz )]
Solution

(a) Since L is the z-component of the angular momentum and H is a scalar, the Poisson
bracket of L with H is zero (see Exercise 6.13),

[L.H]=0.

So L is a constant of the motion.
The Poisson brackets of K, and K, with H are given by

1 k
[KoH]= [pyL - mi 2o +85) -1

17 k[x
afrt]-fest

RS CRET

- xp, - y0u)( ) - ko 1~ 55 -y (2

1 x%4+y?
-y 125 -0,

i -t mi (52 052)-

-kL[px, ]-—[ 'PX +p,]

- l)-mill)
<y -0} 3) () - 1- 5)

1 x2+y
--kpy(;-T) =0.

So K, and Ky are constants of the motion (see also Exercise 1.12).
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Solution
(a) The time rate of change of the Laplace-Runge-Lenz vector K is

ﬁ-d_pr.'.px.&_mki(.{)
de dt dt dt\r

k
--;;rx(rx;’)-;;(rzp—rr-p)

-0,

with the final equality following from the vector identity ax(bxc) = (a-c)b-(a-b)c.
So the Laplace-Runge-Lenz vector K is constant in time. Further, we have

K-L=(pxL)-L-(mk/r)r-(rxp)=0,

so the Laplace-Runge-Lenz vector K and the angular momentum vector L are
perpendicular to one another.

(b) Now look at K:r=(pxL)'r-mkr. This becomes KrcosQ = L2 - mkr where 0 is
the angle between (the constant) K and r. This, in tumn, gives

2
L_ -]+ LCOSG,
mk

which is the equation of a conic section with L2/m - a(l-¢?) and K/mk = ¢, and with
0 the angle from pericenter. The Laplace-Runge-Lenz vector K thus points from the

force center towards pericenter.
Another way to obtain these results is as follows. Exercise 1.11 shows that

mk ~
-—0
P L + Po

where p is a constant vector which is perpendicular to a line from the force center to

pericenter. With this and with L = Lz (switching temporarily to cylindrical coordinates)
the Laplace-Runge-Lenz vector becomes

K-(Ei‘k;é-f-po) x (LZ) - mkft = py x L,

since @xz=r. Thus, we again sce that K is a constant vector which points from the
force center towards pericenter.

(c) The square of the length of the Laplace-Runge-Lenz vector is
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These give a?b? = L2/ m?w?, so L=mwab. Further, l/ a2 +1/b% = 2mE/12, so
E = $mw?(a? + b?).

(c) The rate at which the radius vector sweeps out area is

dA L

dt 2m’

Since the total area enclosed by the ellipse is A = mab and the angular momentum is
L = mwab, this becomes

nab wab

T 2’

which gives the period T = 2t/w. Note that it is independent of the energy and angular

momentum.
The time dependence of r is obtained from

z [ dr [ rdr
m " ;/E -1?/2mr? -  mo?r? o ;}Erz -L?/2m - imw?r?

To perform the r-integration, we first set s = r2, ds = 2rdr to give

r

ds
20t =
- - S -
o \ m?w? ( E? ) ( mwi)
We then set
E E w212 E w3L?

s- - 1- cosT and ds= 1- sinTdT.
mo? mo?Y B2 mo?Y B

Integration gives 2wt = T, so the time dependence of r is given by

272

2 E oL
S=r1° = —|1-4/l -—=—cos2wt|.
mw E ]
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Exercise 1.15

A small meteor approaches the earth with impact parameter b and velocity v,, at infinity.
Show that the meteor will strike the earth if

b<ayl+(Vo/Va)

where a is the radius and v is the "escape velocity” for the earth.

Solution

One way to do this exercise is to use conservation of angular momentum and
energy,

L = mv,a=mv,b,

E= %mvf -k/a-%mvﬁ )

In the middle expressions we have assumed that the meteor is just grazing the earth at
radius a and with speed v,. Eliminating v,, we find

122k 1.
2 ®a? 2

a

The escape velocity v for the earth is given by

Zrvd =X,
2 a
Using this to eliminate k/a, we obtain
b2 v(z,
-]+
Ve

as required.
Another way to do the exercise is to use the relation

4mi? +V g(r)=E.

For an orbit which just grazes the earth, r = a, r = 0, and thus

12 k
Ver@ =2 =7 -3 ~E

Setting L = mv,,b and E = $mvZ then retums us to the preceding approach.
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2n 2n 2/ 7
Rate = =% 1/1-—f-1 ~-—(—f).
r( l1-¢ ) T \l-¢

(c) Applying this to Mercury, we have
1 40 = 2 n

100 60 x 60 180 0.24 1 - (0.206)>

which requires 1}~ 7 x 1078,

Exercise 1.14

A particle of mass m moves in a 3D isotropic harmonic oscillator potential well

V= %mmzr2

where w, the angular frequency, is a constant.
(a) Show that the equation for the orbit has the form

2 272
%E_;lz.-lh/l—g@['—coﬂ(e—eo)

where E is the energy and L is the angular momentum.
(b) Show that this represents an ellipse with geometric center at the force center, and
express the energy and angular momentum in terms of the semi-major axis a and

cccentricity e of the ellipse. (Ans. E-%mmz(a2+b2) and L =mwab where

b= aJl -¢2 is the semi-minor axis)
(c) Show that the period is T = 2%t/w independent of the energy and angular momentum,
and that the radius is given as a function of time by

212
2 E oL
‘= 1-4/1- cos2w(t —tg)|.

mo? gz cos2e °)]
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Solution
(a) The orbit equation is given by

T

r
(2 [2mE_ 1 2mV(@) 2mE_ 1 mP0’?’
R A S SR I A

To do the r-integration, we first set u = 1/r, du = -dr/ r? to obtain

u u
6 a— udu _ udu
2mE u? —u? - m2w? m2E? 1- w?l? _ (u2 _ mE)2
St ey e\
We then set
2 mE mE 312 mE 0?L?

u -F-F 1-—E2—COSA, 2udu--?— 1-—ETsinAdA.

Integration gives 0 = A/2, which leads to the orbit equation

E ' 22
uz-—lz--—zl-r l-mi‘ cos20|.
r L E

(b) To identify this, we set cos20 = cos® 0 —sin2 @ in the orbit equation and multiply it

through by L2r2/mE. Recalling that the cartesian coordinates are given by
x = rcos6, y = rsin0, we can rewrite the orbit equation in the form

272 2v2
1+\’1-“’?L— x%[l-Jl-“’—Eg‘—

We recognize this as the equation of an ellipse with geometric center at the origin, and
with semi-major axis a (in the y-direction) and semi-minor axis b (in the x-direction)
given by

L2

y2.

5 L?>/mE L?/mE

a = 212 /02’ b - :
1-?}1-«» L?/E l+;]1-m2L2/E2
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We work out

0 [Q.Q:] [Q.P] [Q.P;]
[QzQ] 0 [Q.P] [Q:.P;]
[PLQ] [PQ] 0  [P.P,]
[P2.Q] [P2.Q.] [P2P)] O

MM =

where M is the transpose of M. If the transformation is canonical, the fundamental
Poisson brackets have the values given in part (a) and this becomes

MIM =],
Conversely, if this condition holds, the fundamental Poisson brackets are as in part (a)

and the transformation is canonical. For further details see Herbert Goldstein, Classical
Mechanics, (Addison-Wesley Publishing Company, Reading, 1980) 2nd ed., sect. 9.3.

Exercise 7.11

The dynamics of a system of interacting particles is governed by a Hamiltonian

Suppose we view this system from a uniformly accelerating coordinate frame
r} =r; - at?.

Show that we can choose the canonical transformation connecting the two frames (that is,
its type 2 generating function F,(r,p’,t)) so that the Hamiltonian H’ in the accelerating
coordinate frame has the same form as H, except for an additional term which can be
interpreted as arising from the presence of an effective gravitational field —a. What is

then the relation between the momenta p; and p; in the two frames?

Solution

Suppose that the transformation from inertial frame coordinates r; to accelerating frame
coordinates r; is generated by a type 2 generating function F,(r,p’,t). Half of the
transformation equations reads
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P1dq; +p2dq; -PdQ; +Q, dP; = (\592 - m“’Qz)dQI + mw(«/le “h)d<h
‘(Pz - '\/iquz)dQl +(*/_2_Q1 - Qx)dpz
- d(\/i(hpz - mwq,q; + V2 mwg,Q, - lez) -

Since it is an exact differential, this again shows that the transformation is canonical. The
mixed-type generating function is

F(q;.92.Q1,P,) = ¥2q,P, - mwq,q, +v2 mwg,Q, ~ Q,P,.

Note that the inverse transformation

1
q '7‘2'(‘21 +Qy), P -715(1’1 +P,),

1
Q2 'm(‘l’l +P,), P2 '%(Ql -Q,),
enables us to set

_Pf_ 1 202 _‘ﬁ_ 1 2.5
w(QlP:‘Q:Pl)" om 2 me Q|- 2m+5mw Qz1.

That is, it enables us to express the "third component of angular momentum” as the
difference of two "harmonic oscillator Hamiltonians." In quantum mechanics this can be

used to show that a component of orbital angular momentum has eigenvalues nA where n
is an integer (and not a half integer). See Leslie E. Ballentine, Quantum Mechanics: A
Modem Development (World Scientific Pub. Co. Pte. Ltd., Singapore, 1998), p. 169.

Exercise 7.10

(a) Let x denote a column matrix of the canonical variables q;,q,,p;,p, for a system
with two degrees of freedom, and consider a linear transformation

x—> x' = Mx

where M is a 4 x 4 matrix with constant elements. Use the Poisson bracket conditions to
find the conditions on the elements of M in order that this be a canonical transformation.
(b) Show that these are equivalent to requiring that M satisfy the condition

MIM=].

Here M is the transpose of M, and J is the matrix
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- 0 1
-1 0
where "0" stands for the 2 x2 zero matrix and "1" stands for the 2 x2 unit matrix.
Matrices M which satisfy the above condition are called symplectic matrices.

Solution
(a) Consider a linear transformation of the canonical variables,

Qi1 [ann a2 bn bp)fqy
Q2| |az;1 axn by bpnllg;
P i €2 dyp dia|p
Pa| |ca1 €22 day daal|P2
We want to find the conditions on the constant coefficients a, b, ¢, and d in order that this

be a canonical transformation. These are given by the conditions on the fundamental
Poisson brackets of the new variables, namely

[Q1,Q2] = aj1by) = byya;; +a15bgg — byyag, =0,
[Qi.P1]=a;3d; = byjeyy +a12d12 = byocyp = 1,

[Q1.P2]=8)3dy; - byyCoy +815d25 = byyCp = 0,
[Q2.P]=ady; = byicy) +a5dyy — bycyy =0,
[Q2.P2]=a51dz; - bycy) +822d2 —bypcyy =1,
[PI’P2] =C11da; —dyCy) +€12d2; ~dj5Cp; = 05

that is, six conditions on the sixteen coefficients.

(b) Let M be the matrix of the coefficients,

and let ] be the 4 x 4 matrix

0 0 10
Ia 0 0 01
-1 0 00
0 -1 00
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pxdx+p,dy+p,dz+x'dp; + y'dpy +z'dp;
= (P, + mgr)dx + py dy + p; dz+ (x + (x/m)p; ) dp} + ydp} +(z + (x/m)p} + (gv2/2))dp,
= d(xp; + yp} + 2p} + mgex + (v/m)p;p;, + (gv2/2)p} ).

Since it is an exact differential, the transformation is canonical with type 2 generating
function

F2(X,¥,2, P}, Py P}) = XP} + YD} +zp} + mgrx + (t/m)p}p, + (87> /2)p,.
(b) Consider the Hamiltonian

1
H(q,p) - R(pi +p} +p})+ mgz

for projectile motion near the surface of the earth and introduce new variables by using
the canonical transformation of part (a). The Hamiltonian for these new variables is
given by

1
- Zn-((p; +mgr)? + pi? + pi2) + mg(z’ - (o/m)p}, - (g7 /2))

l ’ ’ ’ 4
- Er;(pxz + py2 + pz2) +mgz' = H(Q,P).

The Hamiltonian, and hence the system, is invariant under the transformation. The
associated infinitesimal transformation is generated by

Fp = (xp} + yp} + 20} ) + (mgx + pip}, /m)or.

The first term in F, is the generating function of the identity transformation and the
second is the generator €G of the infinitesimal transformation,

£G(q,p) = (mgx + p,p,/m)dt.

This generator, mgx + p,p,/m, is the constant of the motion associated with this
infinitesimal invariance transformation. To check that this quantity is indeed a constant
of the motion, we evaluate its time derivative,

i(mg“ipxpz) -mg3X  Pa9Ps  Pa 4Py &(mg+d_&) +229x g

dt dt m dt m dt m dt m dt

Here we have made use of the well-known properties of projectile motion, dp, /dt = —-mg
and dp, /dt = 0.
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Exercise 7.09
(a) Show that
- P2
Q \/5( 1+ )’ T(pl mwq;)
1
Q- T(Qx‘%) T(Pl'*‘mw%)

(where mow 1is a constant) is a canonical transformation by Poisson bracket test. This
requires evaluating six simple Poisson brackets.

(b) Find a generating function F(q;,q,,Q,,P,) for this transformation, type 1 in the first
degree of freedom and type 2 in the second degree of freedom.

Solution

(a) To check whether this is a canonical transformation, we evaluate the fundamental
Poisson brackets,

=y,

[Q:.Q:]-0, [Q.P]-%-3
J=4+4-1,
0.

[QuPy]=4+%=1, [Q2.P;]=-
[Q.P.]=4-4=0.  [P.P,]-

These are as required, so the transformation is indeed canonical.

(b) We now wish to find a generating function for this transformation. We cannot regard
the transformation as a pure type 1 transformation with q;,q,,Q;,Q, independent, since
the equations imply that

Q +Q, =v2q,,

nor can we regard it as a pure type 2 transformation with q;,q,,P;,P, independent, since
the equations imply that

-Pl + Pz - ‘\limOX]2.
We can, however, regard it as type 1 in the first degree of freedom and type 2 in the

second degree of freedom with q,,9,,Q;,P, independent, since we can express the other
variables in terms of these,

Pi -‘\/ipg - mwq,, Pl P2 \/fm(oqz,
Pz"mw(ﬁQl“h)’ Q; =v2q;-Q.

Now consider the differential form
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K(Q.P) = H(q(Q.P),p(Q.P))

1 2 22, 1 9 2 2\2
2m(P+dQ +2cQP + fP ) +Emw (Q+aQ +2bQP +cP )

-l»ﬁ(Q+aQ2 4-2bQP-1-cP2)3
1 2. 1 2.9
-—DpP° 4=
7y + me Q

d 2 2 2e 2 2 f 2 3
+—+2b ) (_ ) P P3 e,
( mauw PQ + +cmw Q + +(amm +ﬁ)Q +

We choose the constants so that K does not contain an anharmonic term to first order in
small quantities,

-9—+2bmm2-0. zc-+cmu)2-0, -f--O, amw? +f = 0.
m m m

Coxggirﬁng these conditions with the requirement that the transformation be canonical,
we find

B 28 B
am-- , Cm-— , Cm , b=0, d=0, f=O0.
me? SR CTme?
The transformation becomes
B [~z 2P 2B
- - +—T—f N -P+—T P-
1=Q mmi Q m“w P mw Q

(c) Hamilton's equations for the new variables are then

ﬂ-ﬁ-z.{.“.’ d_P.--.GE__mwzQ+....

dt 6P m dt Q
These are the equations of motion of a simple harmonic oscillator, with solution

Q(t) = Asin(wt + ¢), P(t) = mwA cos(wt + ¢),

where A and ¢ are constants. The solution to the anharmonic oscillator problem, valid to
first order in small quantities, is then given by the equations of the canonical
transformation,
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: BA% [ . 5 2
q(t) = Asin(wt + ¢) - r—n?(sm (wt +¢) +2cos”(wt + ¢))

2
= Asin(wt + ¢) - 5&%{(3 +cos2(wt + ¢)) ,

2
p(t) = mwA cos(wt + ¢) + 25(;\ sin(wt + ¢)cos(wt + ¢)
2
= mwA cos(wt + $) + B—A—sin 2(wt+¢) (- m-dﬂ(ﬁ) .
w dt

Exercise 7.08
(a) Show that
x'n-x+i T r=p —-m
sz ’ Px = Px 8T,
yI-Y' p,y-py'
' 1 | ) '
Z =Z+—PpP;T-78gT, Pz = Pz»
m 2

(where T is any constant) is a canonical transformation by finding the type 2 generating
function F5(x,y,z,px,Py:Pz)-
(b) Show that the Hamiltonian

1
H -g(Pi +P§ +p?)+ mgz

for a projectile near the surface of the earth is invariant under the canonical
transformation given in part (a), and find the associated constant of the motion.

Solution

(a) To view this as a type 2 transformation, we take the old coordinates (x,y,z) and the
new momenta (py,Py.p;) as the independent variables and express the new coordinates

(x',y’,2") and old momenta (p,,py,p,) in terms of them,
x’ =x +(t/m)p,, Px = Px +mgT,
y =y, Py = Py»
z' =z +(t/m)py +(&T°/2), P, =p;.
Now consider the differential form
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Exercise 7.06

(a) Show that the Hamiltonian for a simple harmonic oscillator is invariant under the

canonical transformation of Exercise 7.04 (for 6 constant).
(b) Find the associated constant of the motion.

Solution

(a) We showed in Exercise 7.05 that under the canonical transformation
q = Qcos6 + (P/mw)sinB, p = -mwQsin® + PcosH,

the Hamiltonian of a simple harmonic oscillator,

2
H(q,p) = 2 + -l-mu)

2 2
2m 2 T

becomes (for 6 constant)

P2 1 5.,
K(Q,P)-E+Emw Q -H(Q,P)

The new Hamiltonian has the same form as the old and thus the system is invariant under
this transformation. This also follows from the observation that the transformation is a

rotation of phase space (q,p/mw) through an angle 6. Under such rotation the
(distance)? from the origin, q2 + (p/mm)2 - 2H/ mw?, is invariant.

(b) To find the associated constant of the motion, we consider the infinitesimal

transformation obtained by replacing 6 by the infinitesimal 88. The type 2 generating
function becomes

QP mw( , p? mw( , P2
F,(q,P)t) @« =——-— tanf mqP - —| q° + 30.
2(q,P,t) cosB 2 (q +—3 i) q 2 (q 7 2

The first term in F, is the generating function qP of the identity transformation and the
second is the generator €G of the infinitesimal transformation,

2
eG(q.p.t) = —%9(q2 + ;%7)69 - -(H(q,p)/w)88.

This generator, proportional to the action variable I = H/w, is the constant of the motion
associated with this invariance transformation.
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Exercise 7.07

(a) What are the conditions on the "small” constants a, b, ¢, d, ¢, and f in order that

q-Q+aQ2+2bQP+cP2
p = P +dQ? +2¢QP + fP?

be a canonical transformation to first order in small quantities?
(b) The Hamiltonian for a slightly anharmonic oscillator is

Hea Lz-+lmm2q2 +ﬁq3
2m 2

where B is "small." Perform a canonical transformation of the type given in part (a) and
adjust the constants so that the new Hamiltonian does not contain an anharmonic term to
first order in small quantities, thus

2
K= Lal + —l-msz2 + second order terms.
2m 2

(c) Write down and solve Hamilton's equations for the new canonical variables, and then
use the transformation equations to find the solution to the anharmonic oscillator problem
valid to first order in small quantities.

Solution

(a) To determine the conditions under which this transformation is canonical, we evaluate
the Poisson bracket

ok =303 P30
= (1+2aQ + 2bPX1 + 2¢Q + 2fP) - (2bQ + 2cP)(2dQ + 2¢P)
=1+2(a+e)Q+2(b+f)P +second order terms .

For a canonical transformation this must equal 1, and so to first order in small quantities
we require

a+e=0 and b+f=0.
(b) Now consider a slightly anharmonic oscillator with Hamiltonian

2
H(q,p) - {: + -;-mmzq2 +Bq’

where B is "small.” We transform from old variables (q,p) to new variables (Q,P) by
using the canonical transformation of part (a). The Hamiltonian for the new variables is
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QP 1 , P?
F,(q,P,t) = --mw|q° +——=|tanb
2@.P.0) cos@ 2 (q m“w

is the type 2 generating function of the transformation. The first term in K(Q,P,t) is the
old Hamiltonian H(q,p), expressed in terms of the new variables,

1 1
H(q,p) = ——p2 + —mmzq2

2m 2

1 : 2.1 P . \?
= —(-mwQsin 0 + PcosB)” + —maw (Qcos6+—sm6)
2m 2 mw

- nQ?-Hp).
2m 2

The second term in K(Q,P,t) is the time derivative of the generating function,

(952} L |qPsin6-Lm 2+T_5P2 _8_
\&)q'p s 279 m°w® /|cos” 6
2 2 :
-[(Qcose+m—l:nsin9)Psin9-%mw((QcosB-&--m—};-sine) +£:)7)]c_o?i3
- -(—?2— + lmez)é - -H(Q,P)6/ w).
2mw 2

The new Hamiltonian K(Q,P,t) is thus
K(Q,P,t) = HQ,P)(1- 6/ w)

and reduces to zero if we take 6 = wt.

(b) Hamilton's equations for the new variables are then

dQ dK dP 9K

—_— —m —-——-0,

d op ' dt a8Q

so the new canonical variables are constants Q =Qg, P=P,. The equations of the
canonical transformation then give the original variables (q,p) as functions of time,

q(t) = Qpcoswt + &sinwt, p(t) = ~mwQ, sinwt + Py coswt.

mow

This is the well-known solution to the harmonic oscillator problem. The new canonical
variables (Qg,Py) are the initial (t = 0) values of the original variables (q.p)-





index-43_1.png
Exercise 1.17 35

is increased and hence the direction of motion changes; the particle is "refracted.” Let v,
be the speed of the particle and 6, the angle the direction of motion makes with the

normal in the region in which the potential is -V, (Fig. 1). From the fact that the
tangential component of the velocity is constant we have

vy 8in@; = vysinf,,
and from conservation of energy we have
%-mvl2 -V = %mvg =E.
Combining these relations, we obtain

Silleo-v - 1+V
sin@, vg E’

This has the form of Snell's law with n = \/l+ V,/E being the "index of refraction.”

Note, however, that particles speed up on entering a region with "index of refraction”
n > 1 whereas waves slow down.

(b) Suppose now that the particle is incident at impact parameter b on an attractive square
well potential (Fig. 2).

Ex. 1.17, Fig. 2

The incident angle 6, is given by

sinB, = b/a
and the refracted angle 6, by

sinB, = b/na.

The scattering angle is
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0 =28, -96,),
and thus

c0s(6/2) = cosO,cosO; +sinBysin6,

b2 b2 b2
-all- 1- + .
-t v

The scattering angle ranges from zero at impact parameter zero to & maximum of

2cos™'(I/n) at impact parameter . We can instead express the impact parameter in
terms of the scattering angle. Rearranging and squaring the preceding equation, we find

8 b2\’ b b2
2. -l1- 1-
[cos3-m) =(-2z)l1-2)
which simplifies to

b2 n?sin? ©/2

-T—_—
a? n +1-2ncosB/2

(with 0<B < 2cos'l(1/n)). For small impact parameter this becomes

o{3(-4)

Let £, the "focal length,” be the distance from the force center to the point at which
the scattered particle crosses the axis of symmetry. To find this distance, we drop
perpendiculars from the force center onto the lines of the incoming and outgoing
trajectories. The length of that onto the incoming trajectory is the impact parameter b,
and symmetry implies that the length of these perpendiculars are equal (Fig. 3).

Ex. 1.17, Fig. 3

We see that
f = b/sinB,
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Exercise 1.17

(a) Show that a particle of energy E is refracted in going from a region in which the
potential is zero to a region in which the potential is -V, the angle of incidence 68, and
the angle of refraction 6, being related by Snell's law

sinbg _
Sinel

where angles are measured from the normal and n = 4/1+ V, /E is the index of refraction.

(b) Use Snell's law to show that a particle incident at impact parameter b on an attractive
square well potential

V(x)=-V, for r<a
V(x)=0 for r>a

is scattered through an angle © given by
b2 n’sin’6/2
a? nl+1-2ncos6)2’

In particular, show that for small impact parameters (b << a) the scattered particles are

brought to a focus a distance f =~ (—l-) (%) from the force center.

n-1
(c) Find the differential scattering cross section do/df2.

Solution
(a)

Ex. 1.17, Fig. 1

A particle, moving at speed v, in a region in which the potential is zero, is incident at
angle 6 to the normal on the surface of a region in which the potential is -V,. As the

particle enters the region it encounters an inward impulsive force. The velocity of the
particle parallel to the surface is unaffected, but the velocity perpendicular to the surface
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Solution
(a) The orbit equation is given by

r
G'J dr i dr
2 [2mE 1  2mV(r) 2 2mE o2
12 2 T Io -Ez—-—

where a? = 1+2mk/ L2. To do the r-integration, we first set u = Yr,

obtain

0oL J“ du
@ Jy, ;}ZmE/asz-u2

We then set
u = (v2mE /aL)cosA, du=-(v2mE/aL)sinAdA.
Integration gives 0 = A/a, so the equation of the orbit is
u = I/r = (v2mE faL)cosa8;
thatis, r/r = cosad where ry = aL/v2mE.
(b) Pericenter is at 8 = 0, and for r — o the angle ab — +n/2, so

0y = 1t/2a.

39

du = -dr/r2 to

Expressing 8, in terms of the scattering angle © by using © = xx - 26,,, and « in terms

of the impact parameter b by using L = by2mE, we find
14

1
—(n-6)= .
2" 2;]1+k/Eb2

Solving for b, we obtain

b2k (- 0)*
E6(2:: e)’
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(c) The differential scattering cross section is given by

do__b }ﬂ‘
dQ sin®[d8|

Since
pdb 20k n-8
de E 6°2r-6)
we have

do_ %k =-©
dQ Esin® 8%Q2r-6)?’

For small scattering angles this becomes

do mk 1
dQ 4Ee*’
whereas for 8 — 1t it becomes
do k
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and thus

f- -
2cos6/2;Zn2 +1-2ncos8/2
For small impact parameter the focal length becomes

£ o8
2(n-1)

and is indcggndcnt of the impact parameter. The particles are then brought to a focus a
distance f from the force center. These remarks on the focal length hold only for weak
attractive potentials. Otherwise, the geometry changes with the particle crossing the axis
inside the potential region.

(c) The differential scattering cross section is given by

do __b |db
dQ sin®[de|’
Since
2b db _n’sin(/2)cos(8/2) n’sin’(8/2)
2a2d0® nZ+1-2ncos(8/2) (n2+1-2ncos(6/2))
_ n%5in(8/2)(ncos(8/2) - 1)(n - cos(6/2))
(n* +1-2ncos(8/2)) ’
we have

do _ n’a® (ncos(8/2) - 1)(n - cos(6/2))
dQ 4cos(8/2) (n?+1-2ncos(8/2))°

For large index of refraction (strong attractive potential) the differential scattering cross
section becomes

do a?

aQ 4

and is the same as that for scattering from a hard sphere (strong repulsive potential); see
Exercise 1.16. To understand this, note that the outgoing trajectories in the two cases are
in exactly opposite directions for a given impact parameter (Fig. 4), so the cross-sections,
which are invariant under inversion, are equal.
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Repulsive

Ex. 1.17, Fig. 4

Exercise 1.18
(a) Show that

r
20 wcosad
r

is the equation of the orbit for a particle moving in a repulsive potential V(r) = k/ r2,
determining a and ry in terms of the energy and angular momentum.

2mk alL
Ans. a = ,(1 ,Tog™=
(Ans. o \/“‘_L’" 0" 3mE

(b) Show that the impact parameter b and scattering angle © are related by

b2 _k (-6
E68Q2n-6)

(c) Show that the differential scattering cross section is given by

d_o__ 22k -0
dQ Esin® 82(2n-6)
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Exercise 2.04

Use d'Alembert’s principle to find the acceleration of m;.
Solution

Imagine a virtual displacement in which m; moves downwards a distance &x and m,
thus moves upwards a distance 8x/2. The applied force, gravity, does work m,gdx on
m,; and -m,gdx/2 on m,. The acceleration of m, is X downwards, and that of m, is
X/2 upwards. The inertial force on m; is m;X upwards, and that on m, is mjX/2
downwards. These inertial forces do work —-m;X6x on m; and -(m, X/2)(dx/2) on m,.

D'Alembert's principle gives
(m; -4 m;)gdx - (m; + 4 m,)%dx = 0,

so the acceleration of m, is

% ml-fmz
- 1 g.

m; +zmj;

| [i

Use d'Alembert's principle to find the acceleration of m;. Note that in this case the

pulley has an upward acceleration A. "Acceleration” means "acceleration relative to the
carth.”

Exercise 2.05

Bg— x —

1
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THE PRINCIPLE OF VIRTUAL WORK
AND D'ALEMBERT'S PRINCIPLE

Exercise 2.01

Use d'Alembert'’s principle to find the condition of static equilibrium.
Solution

Imagine a virtual displacement in which the angle 6 increases by a small amount 8.
The mass moves horizontally a distance Ox = £cos6880, and the applied force F does

work Fdx = F£cos080. The mass moves vertically upwards a distance Oy = £s5in686,
and the applied force mg does work -mgdy = -mgfsin668. There are no inertial

forces, so d'Alembert’s principle gives
Ffc0os086 - mglsin068 = 0,
which simplifies to

F = mgtan®.

This is the condition of static equilibrium.

Exercise 2.02

mg

Use d'Alembert's principle to find the condition of static equilibrium.
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Solution

Imagine a virtual displacement in which the end of the string is raised a distance dx and
the weight is thus raised a distance 8x/2. The applied force F does work Fdx and the

applied force mg does work -mgdx/2. There are no inertial forces, so d'Alembert's

principle gives
Fdx - mgdx/2 = 0.

This yields F = mg/2, the condition of static equilibrium.

Exercise 2.03

o
-
o

m,
Use d'Alembert's principle to find the acceleration of m,.
Solution

Imagine a virtual displacement in which m; moves downwards a distance dx and m,
moves upwards a distance 8x. The applied force, gravity, does work m;g8x on m, and
-m,g8x on m,. The acceleration of m; is X downwards, and that of m, is X upwards.
The inertial force on m, is m;X upwards and the inertial work done on m,; is -m;xdx.
The inertial force on m, is m,X downwards and the inertial work done on m, is
~-m,Xx8x. D'Alembert’s principle gives

(m; - m,)gdx - (m; + m,)X8x = 0,

so the acceleration of m, is





